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EULER CLASS GROUPS, AND THE HOMOLOGY OF 
ELEMENTARY AND SPEGIAL LINEAR GROUPS 

MARCO SCHLICHTING 


Abstract. We prove homology stability for elementary and special linear 
groups over rings with many units improving known stability ranges. Our 
result implies stability for unstable Quillen A-groups and proves a conjecture 
of Bass. For commutative local rings with infinite residue fields, we show that 
the obstruction to further stability is given by Milnor-Witt A-theory. As an 
application we construct Euler classes of projective modules with values in the 
cohomology of the Milnor-Witt A-theory sheaf. For d-dimensional commuta¬ 
tive noetherian rings with infinite residue fields we show that the vanishing of 
the Euler class is necessary and sufficient for a projective module P of rank 
d to split off a rank 1 free direct summand. Along the way we obtain a new 
presentation of Milnor-Witt A-theory. 
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1. Introduction 

The purpose of this paper is to improve stability ranges in homology and alge¬ 
braic A-theory of elementary and special linear groups, and to apply these results 
to construct obstruction classes for projective modules to split off a free direct 
summand. 

Our first result concerns a conjecture of Bass [Bas731 Conjecture XVI on p. 43]. 
In loc. cit. he conjectured that for a commutative noetherian ring A whose maximal 
ideal spectrum has dimension d the canonical maps 

TTiBGL^_i[A) —^ TTiBGL^i^A) 


1 
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are surjective for n > d + i + 1 and bijective for n > d -\- i + 2. Here, for a 
connected space X, we denote by X+ Quillen’s plus-construction with respect to 
the maximal perfect subgroup of ttiX, and we write BGL^{A) for BGLn{A)~^. In 
this generality, there are counterexamples to Bass’ conjecture; see |vdK76[ §8]. The 
best general positive results to date concerning the conjecture are due to van der 
Kallen [vdKSO] and Suslin [Sus82] . They prove that the maps are surjective for 
n — 1 > max(2i,sr(H) -|- i — 1) and bijective for n — 1 > max(2z, sr(yl) -|- i) where 
sr(H) denotes the stable rank of A [Vas71) . Here A need not be commutative nor 
noetherian. 

In this paper we prove Bass’ conjecture for rings with many units. Recall |NS89] 
that a ring A (always associative with unit) has many units if for every integer 
n > 1 there is a family of n central elements of A such that the sum of each non¬ 
empty subfamily is a unit. Examples of rings with many units are infinite fields, 
commutative local rings with infinite residue field and algebras over a ring with 
many units. Here is our first main result. 

Theorem 1.1 (Theorem [STO]). Let A he a ring with many units. Then the natural 
homomorphism 

7riBGLi^_^[A) —>■ TTiBGLij^^A) 

is an isomorphism for n > i + sr(7l) -|- 1 and surjective for n>i + sr(H). 

The ring A in Theorem [IT] is not assumed to be commutative. If A is commu¬ 
tative noetherian with maximal ideal spectrum of dimension d then sr(T) < d -|- 1 
[Bas641 Theorem ll.lj. So, our theorem proves Bass’ conjecture in case A has many 
units. If A is commutative local with infinite residue field then sr(T) = 1 and the 
theorem admits the following refinement which shows that the stability range in 
Theorem o is sharp in many cases. Denote by Kff^{A) the n-th Milnor-Witt 
X-theory of A [Mori21 Definition 3.1] which makes sense for any commutative ring 
A] see Definition 14. 101 

Theorem 1.2 iTheorem I5.38|) . Let A be a commutative local ring with infinite 
residue field. Then the natural homomorphism 

TTiBGLi^_.^{A) —^ TTiBGLf^(A) 

is an isomorphism for n > i + 2 and surjective for n > i + 1. Moreover, there is an 
exact sequence for n > 2 

^„HGL+_i(T) ^ 7r„HGL+(T) ^ K^^{A) ^ 7r„_iBGL+_i(T) ^ ^„_iHGL+(T). 

Theorem 11.11 follows from the following homology stability result for elementary 
linear groups. Recall [Bas641 §1] that the group of elementary r x r-matrices of 
a ring A is the subgroup Er{A) of GLr{A) generated by the elementary matrices 
Cij (a) = 1 -|- a • SieJ, a G A where G T’’ is the z-th standard column basis vector. 

Theorem 1.3 fTheorem 13.91) . Let A he a ring with many units. Then the natural 
homomorphism 

id,(£;„_i(T),Z) ^ id,(G„(T),Z) 

is an isomorphism for n > i + sr(T) -|- 1 and surjective for n>i + sr(T). 

For a division ring A with infinite center. Theorem 11.31 proves a conjecture of 
Sah [Sah891 2.6 Conjecture]. From Theorem 11.31 one easily deduces the following 
homology stability result for the special linear groups of commutative rings. 
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Theorem 1.4 fTheorem I3.12p . Let A he a commutative ring with many units. 
Then the natural homomorphism 

Hi{SLn-i{A),Z) —>■ Hi(SLn{A),1j) 

is an isomorphism for n > i + sr(A) + 1 and surjective for n>i + sr(j4). 

When A is a commutative local ring with infinite residue field Theorem II.41 savs 
that Hi{SLn{A), SLn-i{A)) = 0 for i < n. The following theorem gives an explicit 
presentation of these groups for i = n. 

Theorem 1.5 iTheorem I5.37|) . Let A be a commutative local ring with infinite 
residue field. Then for all n >2 we have 

Hn{SLr,iA),SLr,-i{A)) ^ K^'^iA). 

Moreover, for n even, the map Hn{SLn{A)) —>• Hn{SLn{A), SLn-i{A)) is surjec¬ 
tive. In particular, the map Hi{SLn-i{A)) Hi(SLn{A)) is an isomorphism for 
i < n — 2 and surjective (bijective) for i = n — 1 and n odd (n even). 

Theorems oi and 11.51 generalize a result of Hutchinson and Tao |HT10j who 
proved them for fields of characteristic zero, though for n odd, the identification 
of the relative homology with Milnor-Witt iiT-theory is only implicit in their work. 
Contrary to [HTlOj . our proof is independent of the characteristic of the residue 
field, works for local rings other than fields and does not use the solution of the 
Milnor conjecture on quadratic forms. In Theorem 15.391 we also give explicit com¬ 
putations of the kernel and cokernel of the stabilization map in homology at the 
edge of stabilization recovering and generalizing the remaining results of [HTlOj . 
This, however, requires the solution of the Milnor conjecture. 

Our proof of Theorem II.51 uses a new presentation of the Milnor-Witt if-groups 
{A) for n > 2. Denote by Z[A*] the group ring of the group of units A* 
in A, and /[A*] the augmentation ideal. For a € A* denote by (a) € Z[A*] the 
corresponding element in the group ring, and by [a] € I{A*] the element (a) — 1. We 
define the graded ring K^^{A) as the graded Z[H*]-algebra generated in degree 1 
by I[A*\ modulo the two sided ideal generated by the Steinberg relations [a][l — a] 
for all a, 1 — a € A*; see Definition 14.21 

Theorem 1.6 fTheorem l4.18l) . Let A be a commutative local ring. If A is not afield 
assume that the cardinality of its residue field is at least A. Then the natural map of 
graded rings (A) —>■ (A) induces an isomorphism (A) = {A) 

for n >2. 

In particular, for a local ring A with infinite residue field, the Schur multiplier 
Il 2 {SL 2 {A)) has the pleasant presentation as the quotient of I[A*] 0 ^. I[A*\ by 
the Steinberg relations (Theorem 15.271) : compare [M 0068 I Theorem 9.2], |Mat691 
Corollaire 5.11], [vdK771 Theorem 3.4]. 

Theorems 01 and [T31 are the S'L„-analogs of a result of Nesterenko and Suslin 
|NS89j . They proved that Theorems 11.41 and 11.51 hold when SLn (7l) and (H) 

are replaced with GLn{A) and Milnor K-theory K^{A). Suslin and Nesterenko’s 
proof rests on the computation of the homology of afHne groups |NS89[ Theorem 
1.11] which is false if one simply replaces GLn{A) with SLn{A). Our innovation is 
the correct replacement of [NS891 Theorem 1.11] in the context of SLn{A) and of 
groups related to En{A). This is done in Section [2] whose main result is Theorem 
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12.41 and its Corollary 12.51 With our new presentation of Milnor-Witt /^-theory in 
Section SI Sections [3] and [5] more or less follow the treatment in [NS89) . 

The importance of homology stability and the computation of the obstruction 
to further stability in Theorem 11.51 lies in the following application. Let i? be a 
commutative noetherian ring of dimension n all of whose residue fields are infinite. 
Let P be an oriented rank n projective i?-module. In Sj6l we define a class 

e{P) e 

such that e{P) = 0 if P splits off a free direct summand of rank 1. Here, 
denotes the Zariski sheaf associated with the presheaf A i-A and 

denotes Zariski cohomology. We prove the following. 

Theorem 1.7 (Theorem l6.18l) . Let R be a commutative noetherian ring of dimen¬ 
sion n>2. Assume that all residue fields of R are infinite. Let P be an oriented 
rank n projective R-module. Then 

P - g © P e(P) = 0 e 

If R has dimension n and is of finite type over an algebraically closed field fc, 
then the canonical map > IC^ of sheaves on X is an isomorphism. In par¬ 

ticular, if R has dimension n and is smooth over an algebraically closed field, then 
= H^ariR^ isomorphic to the Chow group of codimension n 

cycles on X = Spec R, by [KerOQl Theorem 7.5], and we recover a result of Murthy 
[Mur94| . If R is smooth over a field of characteristic not 2 (which is not assumed 
algebraically closed) then H'^^^[R,1C^^) is isomorphic to the Chow-Witt groups 
introduced by Barge and Morel [BMOO] and studied by Fasel |Fas08| . 

Theorem ll.Tl is a generalization of a theorem of Morel |MorI21 Theorem 8.14] who 
proved the result for R smooth of finite type over a perfect fielcO- Our arguments 
don’t use A^-homotopy theory but they can be used to simplify some proofs in 
[Morl2| ; see proof of Theorem l6.22l There is also a definition of Euler class groups in 
terms of generators and relations for which one can prove a result similar to Theorem 
O in case R is smooth over an infinite perfect field |BS98j or in case R contains 
the rational numbers |BS00| . The definitions in loc.cit. are not cohomological in 
nature, and the relationship with Theorem 11.71 is unclear. 

The proof of Theorem 11.71 relies on Theorem 11.51 and a representability result of 
vector bundles on noetherian affine schemes lTheorem l6.15l) which is of independent 
interest. There is also a version (Theorem 16.211) of Theorem 11.71 for projective 
modules with orientation in a line bundle other than R. 

Conventions. All rings are associative with unit. The group of units of a 
ring A is denoted A*. The stable rank [Vas71] of a ring A is denoted sr(A). By 
“space” we mean “simplicial set”. Unless otherwise stated, tensor products are 
over h and homology has coefhcients in h. For a commutative ring A and integer 
n > 1, the group SLn{A) is the group of n x n matrices with entries in A and 
determinant 1. The symbol SLo{A) will stand for the discrete set (or discrete 
groupoid) A*. This has the effect that for all n > 0 and any GL„(A)-module M, 
we have Hi{SLn{A),M) = Torf^"^"^^(Z[A*], M) where Z[A*] is a GL„(A)-module 


^Currently, the proof of IMorl2l Theorem 8.14] is only documented in the literature for infinite 
perfect fields; see |Morl2l Footnote on p. 5] 
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via the determinant map GLn{A) — A*. Moreover, for all n > 0, we have a 
homotopy fibration of classifying spaces BSLn{A) —>• BGLn{A) — BA*. 

We denote by sSets the category of simplicial sets endowed with its standard 
Kan model structure. 

Acknowledgements. Most of the results of this article were found in Spring 
2014 while the author was visiting Max-Planck-Institute for Mathematics in Bonn. 
I would like to thank MPIM Bonn for its hospitality. I also would like to thank 
Marc Hoyois whose comments lead to the appendix, and Wataru Kai for pointing 
out a mistake in a previous version in the proof of the centrality of the element 
[- 1 . 1 ]- 


2. The homology of affine groups 

For a group G, we denote by Z[G] its integral group ring and we write {g) for 
the element in Z[G] corresponding to g G G. Furthermore, we denote by e : Z[G] ^ 
Z : ( 51 ) i-A 1 the augmentation ring homomorphism, and by I[G] = ker(e) its kernel, 
the augmentation ideal. Let G be an abelian group and s G Z[G] an element in its 
group ring. A G-module M is called s-torsion if for every x G M there is n G N such 
that s^x = 0, or equivalently if = 0. The category of s-torsion G-modules 

is closed under taking subobjects, quotient objects and extensions in the category 
of all G-modules. 

Many of our computations concern the homology Hi{G,M) of a group G with 
coefficients in a G-module M. We recall the basic functoriality of this construc¬ 
tion |Bro82[ §111.8]. Let G, G' be groups, and M, M' be G, G'-modules, re¬ 
spectively. A pair of maps ((/?,/) : {G,M) (G',M') where : G —>■ G' is a 

group homomorphism and f : M ^ M' is a homomorphism of abelian groups 
with f{gx) = ip{g)f{x) for all 5 G G and x G M induces a map of homol¬ 
ogy groups ■ H^{G,M) H^{G',M'). Given two such pairs of maps 

(tpo,/o), /i) : {G,M) — >• {G',M'). If there is an element h G G' such that 

ipi{g) = hipo{g)h~^ and fi{x) = hf^ix) for all g G G and x G M, then the induced 
maps on homology agree: {(po,fo)* = ■ H^{G,M) H^{G',M'). 

For an integer m > 1, write [to] for the set {1, ...,to} of integers between 1 and 
TO. Let TZm be the commutative ring 

7^„ =Z[Ai,...,A^][E-i] 

obtained by localizing the polynomial ring Z[Ai,..., Xm] in the m variables Xi, ..., X^ 
at the set of all non-empty partial sums of the variables 

E = {Xj\ 0 ^ J c [to]}, where Xj = 

3&J 

A ring which admits an 7?.„i-algebra structure for every to is called a ring with 
many units. For instance, a commutative local ring with infinite residue field has 
many units, and any algebra over a ring with many units has many units [NS891 
Corollary 1.3]. 

We will denote by Sm G the following element in the group ring of 7?.]^: 

= - E (-i)'-"™- 

0/JC[m] 






6 


MARCO SCHLICHTING 


Note that the augmentation homomorphism sends Sm to 1: 

eis^) = - Y. (-l)l'^l = (-l)l®l- 5 ] (-l)l'^l = l-(l-ir = l. 

Jc[m] 

More generally, for an integer t G 1 j we will write Sm,t for the image of Sm under 
the ring homomorphism t : Z[72.^] —>• Z[72.^] : (a) i-A (a‘), that is, 

0#JC[m] 

For an 7?.m-algebra A we will also write Sm and Sm,t for the images in Z[^*] of Sm 
and Sm,t under the ring homomorphism —>■ Z[^*]. 

For an integer fc > 1, we denote by 14(^1) the ring of invariants of the 

natural action of the symmetric group on A®* permuting the k tensor factors. 

Lemma 2.1. Let A be a commutative TZm-algebra and let > 1 be integers with 
k ■ t < m. Then the ring homomorphism Z[j4*] Vk{A) : (a) i—>■ a ® ® a sends 

Sm,t S Z[A*J to 0 G Vk{A). 

Proof. Let aj be the image of Xj under the algebra structure map TZm A. For 
a function cr : [fc] —>■ [m] we write a’^ = acr(i) ® • <8> aa(k)- Note that a® = 0 and 

( 00 )®'= = 0. In Vk{A) we have 

(-l)l^l(a^)®'== ^ (-l)l^la‘^= E E (- 1)'^'=0 

JC[m] Jc[m] (T:[k]—¥[m] ImtTCJCfm] 

a:[k]^J 

since for I C {m\ with I ^ [m] we have 

Y = (- 1 ) 1^1 Y (- 1 )'-^' = 0 . 

/CJC[m] JC[m]-/ 

This shows that Sm = Sm,i = 0 S 14(4), that is, the case t = 1. For general t > 1, 
the lemma follows from the case t = 1 and the commutative diagram of rings 

Z[4*] —^ Z[4*] 

Vkt{A)^^Vk{A) 

where the top horizontal map is induced by (a) 1 —>■ (a*) and the lower horizontal 
arrow is induced by the Efe-equivariant map /i®^ : (A®*)®* —>• A®* where p is the 
multiplication map p : 4®* —>■ 4 : oi 0 • • • 0 Ot i-A oi • • • Oj. □ 

For an integer fc > 1 and an 4-module M, consider the fc-th exterior power A|M 
of M over Z; see [Bro821 §V. 6 ]. This is an 4*-module under the diagonal action 
a ■ (xi A • • • A Xk) = axi A • • • A axk where a € 4* and Xi G M. 

Corollary 2.2. Let M be an TZm-module. Then for all integers fc,t > 1 with 
k ■ t < m the TZ^-module A|M is Sm,t-torsion. 

Proof. The abelian group A|M has a natural I4(7?.m)-module structure |NS891 
Lemma 1.7] 

VkiP-m) X A^M ^ A^M : (ai (S> ■ ■ ■ 0 Ok, xi A ■ ■ ■ A Xk) aiXi A • • • A OkXk 
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which induces the diagonal 7^^-action on A^M via the ring map —>■ Vk{TZm)- 

The result now follows from Lemma I2.1l with A = TZ 171 • n 


Proposition 2.3. Let AI he an TZm-n^odule. Then for all integers t^q> \ with 
tq < m the integral homology groups Hq[M,1) of M are Sm,t~torsion. 

Proof. Choose a simplicial homotopy equivalence P^, ^ M in the category of 
simplicial T^m-modules such that P* is projective in each degree. Applying the 
classifying space-functor degree-wise, we obtain an PJj^-equivariant weak equiv¬ 
alence of simplicial sets PP, —>■ BM and hence Pj^-equivariant isomorphisms 
Hq{BP^.) = Hq{BM) of integral homology groups. To the Pj^-equivariant sim¬ 
plicial space s M- BPs is associated a strongly convergent first quadrant spectral 
sequence of P^-modules 

Pi, = Hr{BPs,Z) ^ Hr+s{BP,,Z) = Hr+s{BM,Z) 

where : Hr{Ps) Pr-(Ps-i) is the alternating sum of the face maps of the 
simplicial abelian group s i-A- Hr{BPs). Since the ring P^ is flat over Z, each P, 
is a torsion-free abelian group, and thus, the Pontryagin map AJPs —>■ Hr{BPs) is 
an isomorphism of PJjj-modules |Bro82l Theorem V.6.4.(ii)]. By Corollary 12.21 the 
Pj!^-module A^Ps is s^.t-torsion for all tr < m. Since Pq.s = 0 for s > 1 it follows 
from the spectral sequence that Hq{M) is Sm,t-torsion whenever 1 < tq < m. □ 


Let A be a ring and Z{A) its center. Let g > 1 be an integer. The inclusions 


GLq (A) c GLq+i (A) c GL(A) : M ^ “ 0) 

define group homomorphisms det : GLq{A) GL{A)°‘^ = Pi (A) whose kernel we 
denote by SGq{A). If A is an P^-algebra, we will need an action of Pj^ on the 
integral homology groups of SGq{A). For that end, let A* be the image in Pi(A) of 
the map Z{A)* c GPi(A) ^ Pi(A). We denote by Gq{A) the subgroup of GLq{A) 
consisting of those matrices T S GLq{A) whose class det(r) G Pi(A) lies in the 
subgroup A* C Pi (A). Note that Gg(A) contains all invertible diagonal matrices 
with entries in Z{A). In particular, the map det : GLq{A) —)■ Pi (A) restricts to a 
surjective group homomorphism det : Gq(A) —>• A*, and we have an exact sequence 
of groups 

1 ^ SGq(A) Gq(A) ^A*^l. 

We will write Aff^g(A) and Affp_^(A) for the following subgroups of GLp+q(A) 


Air 


G 

P^Q 


( G^{A) 0 \ 

\ Ip / 


and Affp_^ 


( SG,(A) 0 \ 
\ Ip / 


For any M G Mp,q{A) and T G GLq{A), the matrices T and 


/TO 

[m ip 




have the same class in Pi (A). It follows that the map det : GLp+q{A) —^ Pi (A) 
restricts to a surjective group homomorphism Aff^^(A) —>■ A* with kernel the group 
Affp^(A). Hence, for integers g > 1, p > 0 the exact sequence of groups 


1 ^ Aff^,^(A) ^ Aff;" lA) A* ^ I 


det 


makes the homology groups Pp(Affp^(A)) into A*-modules [Bro82[ Corollary III.8.2]. 
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For an T^m-algebra A, we denote by Sm,t S Z[A*j the image of Sm,t G un¬ 
der the ring homomorphism > Z[^*] induced by the group homomorphism 

—>■ Z[A)* A*. The following is our analog of [NS891 Theorem 1.11]. 


Theorem 2.4. Let A be an TZm-algebra. Let t,q > 1 be integers sueh that q divides 
t. Then for all integers p,r > 0 such that rt < mq the inclusion 

SG,{A) ^ AS^^^^iA) : M ^ 

induces an isomorphism of A*-modules 

HriSG.iA)) - s-]_, i/,(Aff^°(A)). 


Proof. A matrix T G Gq{A) defines an automorphism of the exact sequence of 
groups 

( 2 . 1 ) 0 -)• Mp^q{A) Mp’(A) 1 ° ) SGq{A) -J- 1 

through right multiplication by T~^ on Mp^q{A), through conjugation by ( q 1 ° ) on 
the middle term and through conjugation by T on SGq{A). This defines an action 
of the group Gq{A) on the exact sequence and hence an action on the associated 
Hochschild-Serre spectral sequence 

(2.2) El^ = H^iSGqA, H,iMp,qA)) => ° ) 

which descents to an A*-action via the determinant map Gq{A) —>• A*, in view of the 
basic functoriality of group homology recalled at the beginning of this section. Since 
the surjection in the exact sequence (12.11) splits, we have Hi{SGq, Z) = Ef ^ = E°f^. 

On the homology groups Hi{SGqA, Hj{Mp^qA)), the element T £ Gq{A) acts 
through conjugation on SGq{A) and right multiplication by T~^ on Mp^q{A). Since 
q divides t, we can write t = q ■ k for some integer fc > 1. For d £ A*, the element 
(d“*) acts on the spectral sequence as the diagonal matrix T = -Iq £ Gq where 
a £ Z{A)* is a lift of d G A*. This element acts on the pair {SGqA, Hj{Mp^qA)) 
through conjugation by a~^ ■ \q on SGqA which is the identity map, and through 
right translation by T~^ = {a~^ ■ Iq)”^ = ■ Iq on Mp^qA which is the action by 

(a^) £ Z[A*] induced by the usual left Z(A)-module structure on Mp^qA. In view 
of Proposition 12.31 it follows that for j > 1 and kj < m we have 

^m-t Hi{SGqA, Hj(Mp^qA)) = Hi{SGqA, S^ i.Hj{Mp^qA)) = 0 . 


Moreover, 


H,{SGqA,H^{Mp,qA)) = H,(SGqA,s;^\^HQ{Mp,qA)) = H,{SGqA,Z) 


since Sm,k acts through e{sm,k) = 1 on Ho^Mp^qA) = Z. Localizing the spec¬ 
tral sequence (lO) at Sra-t G Z[A*] yields a spectral sequence which satisfies 
Sm!-i Eff j = s“|_i Eff^ = 0 for tj < mq and Ef ^ = = H,{SGq, Z). 

The claim follows. □ 


It will be convenient to reinterpret this result in somewhat different notation. 
To that end, we introduce the rings A and A^.t as 

A = Z[A*], Am,t = (Sm,-t) ^A. 

Note that the natural maps of groups GLq{A) —>• Ki{A) induce ring homomor- 
phisms Z[Gq{A)\ —)■ A —>• A^,* compatible with the inclusions Gq{A) C Gq+i(A). 
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Recall that for bounded below complexes of right, respectively left, G-modules 

L 

M, respectively TV, the derived tensor product M ^ is the complex of abelian 
groups P Q where P ^ M and Q ^ N are quasi-isomorphisms of bounded 
below complexes of right and left G-modules with Pi and Qj projective right and 
left G-modules, respectively. The derived tensor product is well-defined up to quasi¬ 
isomorphism of complexes. The natural maps M ^g Q P Q ^ P ®g ^ are 
quasi-isomorphisms, and one has 

Torf(M,fV) = H,{M N), H,{G,N) = H,{Z k)G N). 

Corollary 2.5. Let A be an TZm-ttlgebra. Let t,q > 1 be integers such that q 
divides t. Then for all integers p > 0 the canonical inclusions of groups and rings 
SGg{A) C Gq{A) C Aff^^(A) and Z C Am,t induce maps of complexes 

L L L 

^ ®SG,(A) ^- >Am,t ®G,(A) ^ 

which are isomorphisms on homology groups in degrees r < mq/t. 

Proof. Recall that for a subgroup N C G oi a. group, we have Shapiro’s Lemma 

Z[A^\G] (8>g Tj = % ®G Tj = % <S>N 2 

since Z[A^\G] = Z (g)jv ^[G] = Z (g)^ Z[G] as Z[G] is a free A^-module. If N is 

L 

normal in G then G/N = N\G is a group and Z[G/A^] (g)G Z is a complex of left 
G/A^-modules. On homology, the isomorphism 

H,{Z[G/N] ®G Z) = k)N Z) = m{N) 

is an isomorphism of G/A^-modules where the action on Hi{N) is the usual conju¬ 
gation action. Applied to = Aff^^ and G = Aff^^, we have an isomorphism 

7L,(A Z) - 7L.(Aff®^) 

of A-modules. Localizing at Sm-t using Theorem 12.41 the result follows. □ 

3. Stability in homology and AT-theory 

Let A be a ring and recall from ^the definition of the groups Gq{A) for q > 1. 
We set Go(A) = {!}, the one-element group. Let n > r > 0 be integers. We denote 
by Gr(A") C Mn.r{A) the set of left invertible n x r matrices with entries in A, 
and by GUr{A^) C Gr(A") the subset of those left invertible matrices which can 
be completed to a matrix in Gn{A). For instance Go (A") = GGo(A”) = 0 is the 
one element set and GUn{A^) = G„(A). By convention, Ur{A'^) = GUr{A'^) = 0 
whenever r < 0 or r > n. By |NS891 Lemma 2.1] we have Gr.(A”) = GUr{A'^) for 
r < n — sr(A). 

We define a complex G(A") of abelian groups whose degree r component is 
the free abelian group Gr(A") = Z[GGr(A”)] generated by the set GGr(A"). For 
i = l,...,r one has maps of abelian groups d® : Gr(A”) —>■ Gr-i(A”) defined on 
basis elements by ...,Vr) = (vi, ...,Vr) omitting the z-th entry where 

{vi,...,Vr) is a left invertible matrix with z-th column the vector Vi. We set 

r 

dr = ■■ G,(A") ^ G,_i(A"), 

2=1 


(3.1) 
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and it is standard that drdr+i = 0. This defines the chain complex C{A^). 

Lemma 3.1. Let A be a ring and n > 0 an integer. Then for all i < n — sr(A) we 
have 


Proof. We check that the proof of [NS891 Lemma 2.2] goes through with Gn{A) in 
place of GLn{A). If we denote by C{A^) the complex with Cq{A^) = Z[Uq{A^)] in 
degree q and differential given by the same formula as for C{A'^), then we have an 
inclusion of complexes G{A^) C C{A'^) with Gq{A^) = Cq{A'^) for q < n — sr A, 
by |NS89[ Lemma 2.1]. By |vdK801 2.6. Theorem (i)] we have Hi{C{A'^)) = 0 
whenever i < n — sr A. Thus, it suffices to show that the boundary dx of every 
X € Un-r+i{A) is a boundary in C{A^) where r = sr(A). By [NS891 Lemma 2.1], 
there is a matrix a € En{A) C Gn{A) such that ax = (“) with u G Mn-r,i(A) 
and V G Mj. i(A). Left invertibility of ax implies that there are T G Mn-r,ri^) and 

b G Mi^r such that u + Tv = 0 and bv = 1. The matrix P = (^ ifr ) ( ) 

is a product of elementary matrices where B G Mn-r,r{A) is the matrix all of whose 
rows equal b. Then Pax = ( ^ and the matrix w = (/lax, e„_r+i) 

satisfies 5”Zr+2(w^) = Pcex. For * = 1, ...,n — r + 1, the matrix <^an be 

completed to the matrix en-r+ 2 , Sn) G SGn(A). It follows that 

g = x+ (-ir-^+^da-^p-^w G Cn-r+l(A^) 


and dy = dx. 


□ 


The group GLn{A) acts on Ur{A^) by left matrix multiplication, and so does 
its subgroup G„(A). This makes the complex C{A") into a complex of left Gn(A)- 
modules. We may sometimes drop the letter A in the notation G„(A), S'G„(A) etc 
when the ring A is understood. 

Lemma 3.2. For any ring A, right Gn{A)-module M and integers i,n > 0 with 
i <n — sr(A) we have 

HPM 4g„(A) G(Z1"))=0. 

Proof. This follows from Lemma 13.11 in view of the spectral sequence 
El^ = Tor«"(M,7J,(G(A"))) ^ C{A^)). 

□ 


For our arguments below we frequently need the following assumptions. 

(*) Let m,nQ,t P n > Ohe integers such that A has an 7?.m-algebra structure, 
no ■ t < m and 0 < n < uq, and t is a multiple of every positive integer 
< no. Set CT = Sm,-t G Z[A*]. 

For an integer r, we denote by G<r(A’^) the subcomplex of C{A'^) which is 
G<r(^")i = Gi(A”) fori < r a.n<lG<r(A^)i = 0 otherwise. So, G<r{A^)/G<r-i{A'^) 
is Gr{A'^) placed in homological degree r. This defines a filtration on C{A'^) by 
complexes of G„(A)-modules and thus a spectral sequence of A-modules 

(3.2) = Tor®"(A„.t,G,(A”)) ^ Hp+q{A^,t Ig„ G(A")) 
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with differential (T of bidegree (r — 1, —r). The spectral sequence (1321) conies with 
a filtration by A-modules 

L 

0 C Fp-\-q^Q C Fp^q—\ \ d Fp^q—2,2 C ' ’ ’ C Fo p^q = Flp^qi^A^^ i 0Gn C(A )) 
where Fp^q-s,s is the image of 

Hp+q{-^m,t 'SiGn C<s(^")) Hp^q{Am^t ®G„ C(A")), 
and Fp^q-s,s / Fp-^.q-s+l^s—l = £'^q_s,s(^”)- 
Lemma 3.3. Assume (*). Then the spectral sequence ift.S\) has 

{ Hp{SGn-qiA),Z), 0<q<n,p<no 
Am,t, p = 0, q = n 

0 , q = n and p ^ 0 , or q < 0 , or q > n. 

Proof. By definition, the group G'„(A) acts transitively on the set GUq{A^) with 
stabilizer at (e„_g+i,e„) G GUq{A^) the subgroup Aff^^_^(A). Recall (Shapiro’s 
Lemma) that for any right C?-module M we have the quasi-isomorphism 

M ^ —t M (S>G '^\G/N^ 

induced by the inclusions N C G and Z C Z[G/N]. For M = Am,t, G = Gn{A) 
and N = Aff^„_^(A) we therefore have quasi-isomorphisms 

Am,t ^ Am,t ®G„ ^[Gn/ Aff^„_,j] = Am,t ®G„ Gq(A"). 

In view of Corollary 12.51 for q < n we have the map of complexes 

^ ®SG^-, Z- >Ajn t ClAffG 

which induces an isomorphism on homology in degrees < uq < m/t < m{n — q)/t. 
For q = n we have G„(A”) = Z[G„] and thus, 

Am.t ®Gn Gn(A ) = Ajji i ®Gn ^[Gn] — A^ t. 

□ 

Lemma 3.4. Assume (*). Then for 0 < q < n and p < no, the differential 
dpq : Ep^q{A'^) —>■ Epq_i{A'^) in the spectral sequence Lt.^) is zero if q is even and 
for q odd it is the map 

Hp{SGn—q{A),'Z) —^ F[p{SGn—q+l{A),'Z) 

induced by the standard inclusion SGn-q{A) —>■ SGn- g+l(A). 

For q = n we have „ = 0 for p 0, and dj „ = 0 for n even and for n odd 
dj „ is the map Am,t ^ induced by the augmentation e : A = Z[A*] —>■ Z. 

Proof. The differential dp q is the map 

9 L L 

dlq = ® 5^). : Hp{A^,t ®G„ nGUq]) ^ Hp{A^,t ®g„ Z[GG,_i]) 

1=1 

where 6^ : Z[Gf7g] —>■ Z[GUq-i] is induced by the map : GUq —>■ GUq-i defined 
by {vi,...,Vq) H> {vi,...,Vj,...,Vn). 
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Assume first that q < n. Consider the diagram 


L L L 

z Z (g)SG„ Z[Gf7g(A")]-^ Kra,t ®G„ Z[Gt/,(A")] 


1(g) (5-^ 




J_, l(g'U _-I Xj Jj 

z ®SG„_,+1 Z —^ Z ®SG„ Z[GG,_i(A")]-- A™,* ®G„ Z[GG,_i(A")] 

induced by the natural inclusions of groups and rings SGn-q C AfF^_^_^ C Gn, 
SGn-q C SGn-q+i, Z c A^.t and where Ug ■. Z Z[GGg(A”)] sends i to the left 
invertible matrix (e„_g+i,e„). The horizontal compositions induce the isomor¬ 
phisms in Lemma 13.31 noon taking homology in degrees < uq. We will show that 
the outer diagram commutes upon taking homology groups. This implies the claim 
for q < n. Since the right square commutes, it suffices to show that the left square 
commutes upon taking homology. 

We will use the basic functoriality of group homology as recalled at the beginning 
of section Upon taking homology, the left hand square of the diagram is the 
diagram 


iL*(^G„_„Z)- > H,{SGr,,Z[GUq]) 




7L45G„_,+i,Z) 


K_„+i,u" i). 


(1.5U. 
7L,(5G„,Z[GC/,_i]) 


where u” is the left invertible matrix (cn-r-i-i, Cn) and : SGr —>■ SGa denotes 
the standard embedding for r < s. Consider the matrix 

h (ei,...,eyj_g, TCji—q^j , Ug ) € SG^ 

where r £ {1, —1} is chosen so that det(/i) = 1 £ Ki{A). Then h-i'^_g ■ h~^ = i^-q 
and 5^ (Ug) = h ■ Ug_i. In view of the basic functoriality of group homology, the two 
compositions h-lug )* and are equal, and the square commutes. 

Hence the lemma for q < n. 

For q = n and p 7 ^ 0 we have = 0 since Ep .^{A'^) = 0. To prove the claim 
for q = n and p = 0, we need to show the commutativity of the diagram 


1 (g)hi^ 

Am,t0Gn^[Gn(A)j 

Z-- A„,t®G„Z[GU„_i(A")]. 


Since dSJ) is a spectral sequence of A^.t-modules, this diagram is a diagram of 
Am.t-modules. So, it suffices to show that the two compositions send 1 £ Am,t to 
the same element, that is, we need to see that 

1 0 h^'«) = 1 O G A„.t®G„Z[Gt/„_i(A")] 

for all j = l,...,n. Consider the matrix hj = (re^, ei, 62 ,..., e^,..., e„) £ SGn(A) 
where r G {1, —1} is chosen so that det(hj) = 1 £ Ki(A). Then (u^) = hj ■ 
and thus 


1 0 5^(0 = li^hj ■<_! = hj (g)<_i = G A™,t(8>G„Z[GC/„_i(A”)] 
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since hj £ SGn{A) goes to 1 G under the map Gn{J^) A*. 


□ 


Proposition 3.5. Assume (*). The dijferentials dip ^ in the spectral sequence 
are zero for r > 2 and p < uq. 

Proof. We argue by induction on n. For n = 0,1, the differentials d*', r > 2, are 
zero since Ep^^{A^) = 0 for g 0,1. Assume n >2. Similar to |NS89] . consider 
the homomorphism of complexes ip : 2] ^ (7(A") defined in degree q by 

■0 = '00 ~ V'l + V'2 where for (iii, Vq-2) G GUq-2{A'^~‘^) the map ipi is given by 


•■•,^^9-2) = ('yi,---Wg- 2 ,e„_i,e„) 

2) — '^q—2 : ^n—1 5 ^n—1 ) 

02 {'^1 '^q— 2 ') — ^q—2 : ^nt Cn ^n—1^ ■ 


The map ip commutes with differentials and is compatible with the actions by 
Gn- 2 {Ai) and G'„(A) via the standard inclusion Gn- 2 {A) C Gn{A). Hence, ip 
induces a map of spectral sequences E{A^~‘^)[0, —2] —>• Denote by E and 

E the spectral sequences E{A'^) and —2]. From Lemma [3.31 we have 




q = n and p 0, or g < 2, or g > n. 


The claim follows by induction on r using the following lemma. 


□ 


Lemma 3.6. Assume (*). Under the identifications of Lemma \3.3[ the homomor¬ 
phism Ip : Ep q —>• Ep q is the identity for 2 < q < n and p < uq. 

Proof. Keeping the notations of the proof of Lemma 13.41 we will check the commu¬ 


tativity of the following diagrams for j = 0,1, 2 upon taking homology groups 



z 4 sg„ Z[G 17 ,(A")] 


Am,t Z[GUq{A^)] 


(3.3) 





where in the first diagram 2 < q < n, and the second diagram takes care of g = n. 
Since ip = ipo — ipi + ip 2 , commutativity of the diagrams on homology groups will 
imply the claim. 
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In the first diagram the right hand square commutes, and so we are left with 
showing the commutativity of the left hand square on homology, that is, the com¬ 
mutativity of the diagram 

/-n —2 n-2\ 

(Z ,U _9 )* 

(3.4) Hp{SGr,_,,Z) 

(*n-2 )* 

GU,{A-)]). 

Commutativity for j = 0 is clear. For j = 1 we consider the following matrix 
h = (ei,..., e„_i, e„ — e„_i) G SGn{A). For 2 < q < n we have h ■ i^-q ■ = i^-q 

and h o Ug = y this shows commutativity of diagram (lO) in this case. 

For j = 2, we replace the matrix h with the matrix (ei,..., e„_ 2 , e„, — e„_i) in 

SGn{A). This finishes the proof of commutativity of (13. 4|) for j = 0,1, 2. 

To show commutativity of the second diagram (13.311 . note that it is a diagram of 
Am,(-modules and that the horizontal and diagonal arrows are isomorphisms with 
inverses the multiplication maps Am,* ®g ^[G] Am,t ® t Am,*. Since 

= 1 = G A* C Ki{A), the claim follows. □ 

Theorem 3.7. Let A be a ring with many units. Then the natural homomorphism 
H,{SGn-i{A),Z) ^ iJ,(5G„(A),Z) 

is an isomorphism for n > * + sr(A) -|- 1 and surjective for n>i + sr(A). 

Proof. Choose nQ,m,t as in (*). In particular n < uq. Then we have the spectral 
sequence (13.21) with i?^-term given by Lemma 13.31 and dp ^ was computed in Lemma 
13.41 for p < no. By Proposition 13.51 and Lemma [3?^ we have £1^ ^ = = 0 for 

n > p + q + sr(A) and p < no. The claim follows. □ 

We can reformulate Theorem 1X71 in terms of elementary linear groups. Recall 
[Bas641 §1] that the group of elementary r x r-matrices of a ring A is the subgroup 
Er{A) of GLr{A) generated by the elementary matrices eij(a) = l + a-CicJ, a G A. 

Lemma 3.8. Let A be a ring with many units. Then for n > sr(A), we have 
En{A) = SGn{A), and this group is the commutator and the maximal perfect sub¬ 
group of GLn{A). Moreover, the natural map GLn{A) -G Ki{A) is surjective for 
n > sr(A). 

Proof. We clearly have En{A) C SGn{A). It follows from the GL„-version of The¬ 
orem [XT] proved in |NS89j that the natural map GLn{A) —> Ki{A) is surjective for 
r > sr(A) and GLn{AY^ = Ki{A) for n > sr(A). Therefore, GL„(A)/S'G„(A) = 
Ki{A) for r > sr(A) and SGn{A) = [GL„(A), GL„(A)] for n > sr(A). 

For the rest of the proof assume n > sr(A). From |Vas691 Theorem 3.2], we have 
GLn{A)/En{A) = Ki{A), hence En{A) = S'G„(A). Classically, the group En{A) is 
perfect for n > 3 [Bas641 Corollary 1.5]. Alternatively, from Theorem 13.71 we have 
an isomorphism 

Hi{SGn{A))^Hi{E{A))=Q 

since the infinite elementary linear group E{A) is perfect and colim^ S'Gr(Gl) = 
E{A). Hence, the group En{A) is perfect (also when n = 2). Since the quotient 
GLn{A)/En{A) = Ki{A) is abelian, the group En{A) is the maximal perfect sub¬ 
group of GLn{A). □ 
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Theorem 3.9. Let A be a ring with many units. Then the natural homomorphism 

is an isomorphism for n > i + sr(>l) + 1 and surjective for n>i + sr(>l). 

Proof. This follows from Theorem 13.71 in view of Lemma 13.81 □ 

Denote by BGLf^ [A) the space obtained by applying Quillen’s plus construction 
to the classifying space BGLn{A) of GLn{A) with respect to the maximal perfect 
subgroup of GLn{A). The following proves a conjecture of Bass |Bas731 Conjecture 
XVI on p. 43] in the case of rings with many units. 

Theorem 3.10. Let A be a ring with many units, and let n > 1 be an integer. 
Then the natural homomorphism 

■KiBGL'!f_^{A) —> TTiBGLif^A) 

is an isomorphism for n > i + sr(7l) + 1 and surjective for n>i + sr(^). 

Proof. The case j = 0 is trivial and the case i = \ follows at once from Lemma [?751 
Now, assume i > 2 and n > i + sr(A) > 2 + sr(yl). Denote by .^n{A) the 
homotopy fibre of the map BGLi^_.^{A) BGLf^{A). If follows from Lemma [321 
that is also the homotopy fibre of BEi^_^{A) —s- BE:^{A). Since En-i{A) and 
En{A) are perfect, .^n{A) is connected and 7ri.^„(A) is abelian as a quotient of 
TT 2 BEj[{A). From Theorem 13.91 and the (relative) Serre spectral sequence 

^ H,{BE+{A),Hs{pt,.^,,)) => H,+s{BE+{A),BEt,{A)) 

associated to the fibration —>• BEi^_^{A) —^ BE^{A) with simply connected 

base we find 

i7,_i(.^„,pt) = i7.(pt,.^„) = H,iEniA),Er,_iiA)) 

for i < n — sr(A) + 1 where pt G ^n(A) denotes the base point of ^n(A). By 
Hurewicz’s Theorem, it follows from Theorem 13.91 that the natural map 

is an isomorphism for i < n — sr(A) + 1. In particular, we have 

7 ri_i(.^„(A),pt) = Hi{EniA),En-iiA)) = 0, i< n-sr(A). 

Hence the result. □ 

Recall that for a commutative ring A and integer n > 1, the special linear group 
SLn{A) of A is the kernel of the determinant map GLn{A) -G A*. 

Theorem 3.11. Let A be a local commutative ring with infinite residue field, 
and let n > 2 be an integer. Denote by t^n{A) the homotopy fibre of the map 
BGLi^_^{A) —>■ BGLif{A). Then for i > 1 we have 

^ ( A\ _ T % G. n 

- I H^^sLr,{A), SL,,_i{A)), i = n. 

Proof. Note that for A as in the theorem Er{A) = SLr{A) is the maximal per¬ 
fect subgroup of GLr{A) for all r > 1. Now the proof is the same as for Theo¬ 
rem 13.101 the only improvement being that is already the homotopy fibre of 
BEr,-i{A)+^ BEn{A)+ ioT n>2. □ 
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Theorem 3.12. Let A be a commutative ring with many units and n > 2 an 
integer. Then the natural homomorphism 

Hi{SLn-i{A),Z) —!■ Hi[SLn{A),Z) 

is an isomorphism for n > i + sr(A) + 1 and surjective for n>i + sr(A). 

Proof. For r > sr(A), the natural map GLr{A) —> Ki{A) is surjective, by Lemma 
13.81 When A is commutative we have an exact sequence of groups for r > sr(A) 

1 ^ SGr{A) SLr{A) SKi{A) 0. 

Hence, for n > sr(H) + 1 we have the associated Serre spectral sequence 

H,{SKM).H,{SGnA, SGn-iA)) ^ 

The result now follows from Theorem 13.71 □ 

4. MiLNOR-WiTT iF-THEORY 

Let H be a commutative ring. Recall that we denote by A* the group of units 
in A. Elements in the integral group ring Z[H*] of A* corresponding to a G 
are denoted by (a). Note that (1) = 1 G We denote by ((a)) the element 

((a)) = (a) —1 G Z[A*]. Let /[A*] be the augmentation ideal in Z[A*], that is, /[H*] 
is the kernel of the ring homomorphism Z[A*] —>■ Z : (a) 1. We denote by [a] the 

element [a] = (a) — 1 G Under the canonical embedding I[A*\ C Z[A*], the 

element [a] maps to ((a)). 

Lemma 4.1. The augmentation ideal /[A*] is the Z[A*\-module generated by sym¬ 
bols [a] for a G A* subject to the relation 

[ab] = [a] + (a) [6]. 

Proof. Clearly, the equation [a6] = [a] + (a)[&] holds in I[A*]. Let I a* be the Z[A*]- 
module generated by symbols [a] for a G A* subject to the relation [ab\ = [a] + (a)[6]. 
Note that [1] = 0 in 7^. because [1 • 1] = [1] + (1)[1] and (1) = 1 G Z[A*]. 

Consider the Z[Gl*]-module map I a- —t I[A*\ : [a] i-A (a) — 1. The set consisting 
of (a) — 1 G I[A*], a G H*, a 7 ^ 1, defines a Z-basis of I[A*]. This allows us to define 
a Z-linear homomorphism I{A*\ I a- : (a) — 1 i-A [a]. Clearly, the composition 
I[A*] —>■ Ia* I[^*] is the identity. Finally, the map I[A*] —5> Ia* is surjective 
because (6) [a] = [a6] — [&]. □ 

Definition 4.2. Let H be a commutative ring. We define the graded ring {A) 
as the tensor algebra of the augmentation ideal I[A*] (placed in degree 1) over the 
group ring Z[A*] modulo the Steinberg relation [a][l — a] = 0 for a, 1 — a G H*: 

K^^{A) =^k^^{A) = Tensz[^.](/K])/[a][l - a]. 

n>0 

In view of Lemma [UTl the graded ring [A) is the Z[H*]-algebra generated 

by symbols [a], a G H*, in degree 1 subject to the relations 

(1) For a, 6 G A* we have [ab] = [a] + (a) [6]. 

(2) For a, 1 — a G A* we have the Steinberg relation [a][l — a] = 0. 
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It is convenient to write [ai, an], h and e for the following elements in (A) 
[ai,an] = [ai] • ■ • [a„] G {A), 
h = l + {-l), e = -{-l)ekl^^{A) 

where ai,..., G A*. 

Lemma 4.3. Let A he a commutative ring. Then in the ring K^^{A) we have 
for all a, h,c,d & A* the following relations. 

( 1 ) [ab] = [a] + (a) [ 6 ] 

(2) (1) = 1 and [1] = 0, 

(3) {ab) = (a) ■ (b) and (a) is central in k^^{A). 

(4) [f] = [a] - in particular, [&"!] = -{b-^)[b]. 

(5) ((a))[6] = ((6))[a]. 

( 6 ) If a + b = 1 then {{a))[b,c] = 0. 

(7) If a + b = I then ((a)) (( 6 )) [c, d] = 0. 

( 8 ) ((a))[ 6 ,c] = ((a))[c,5]. 

Proof. Items ([T])- ([3]) follow from the definition of [A). 
o We have [a] = [f • 6 ] = [f] + (f )[ 6 ]. 

(O We have [a] + (a)[ 6 ] = [a 6 ] = ]b] + ( 6 )[a] which is ((a))[ 6 ] = (( 6 ))[a]. 

([n|) By ([5]) and the Steinberg relation we have ((a))[ 6 ,c] = ((c))[ 6 ,a] = 0. 

([7]) Similarly, we have {{a))({b))[c,d] = ((c))((d))[a, 6 ] = 0, by ® and the Stein¬ 
berg relation. 

([ 8 |) From dS]) and ([3]) we have {{a))[b,c] = (( 6 ))[a, c] = ((c))[a, 6 ] = ((a))[c, 6 ]. □ 

Lemma 4.4. Let A be either a field or a commutative local ring whose residue field 
has at least 4 elements. Then for all a,b,c G A* the following relations hold in 

k^^{A). 

( 1 ) [a][-a ]=0 

( 2 ) [a][a] = [a][-l] = [-l][a] 

(3) [a][ 6 ] = e[&][a] where e = —(—1) 

(4) ((a)) ■ h ■ [b,c] =0 where h = 1 + (—1). 

(5) [of ,h] = h ■ [a, b] 

( 6 ) ((a^))[ 6 ,c] = 0 , in particular, {af)\b,c] = [b,c]. 

Proof, dl]) First assume d ^ 1 where a means reduction modulo the maximal ideal 
in A. Then 1 — a, 1 — a~^ G A* and —a = ■ Therefore, [a] [—a] = [a][ j^)_~°i ] = 

[a]([l — a] — (—a)[l — a“^]) = —(—a)[a ][1 — a“^] = — (—a)(a)[a“^][l — a“^] = 0 where 
the second to last equation is from Lemma ESldl- This already implies the case 
when A is a field. 

Now assume that A is local whose residue field has at least 4 elements. As¬ 
sume d = 1 and choose b € A* with b 1. Then ab ^ 1. Therefore, 0 = 
[a 6 ][-a 6 ] = ([a] -|- (a)[ 6 ])[-a 6 ] = [a][—ad] + (a)[ 6 ][—ad] = [a]([-a]_-|- (-a)[d]) -|- 
(a)[d]([a] -I- (a)[—dj) = [a][—a] + (—a)[a][d] -|- (a)[d][a]. Hence, for all d ^ 1 we have 
[a][—a] = —(—a)[a][d] — (a)[d][a]. Now, choose di,d 2 G A* such that di,d 2 ,did 2 ^ 1. 
This is possible if the residue field of A has at least 4 elements. Then [a] [—a] = 
-(-a)[a][did 2 ] - (a)[did 2 ][a] = -(-a)[a]([di] -b (di)[d 2 ]) - (a)([di] + (di)[d 2 ])[a] = 
-(-«)[a][ 6 i] - (a)[di][a] + (di)(-(-a)[a][d 2 ] - (a)[d 2 ][a]) = [a][-a] + (di)[a][-a]. 
Hence, (di)[a][—a] = 0. Multiplying with (d^^ ^) yields the result. 
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([2]) We have [a][a] = [(—1)(—a)][a] = ([—1] + {—1)[—a])[a] = [—l][a]. Similarly, 

= [a][(-l)(-a)] = H([-l] + (-!)[-«]) = 

@ We have 0 = [a6][—6a] = ([a] + (a)[6])[—o6] = [a][—a6] + (a)[6][—a6] = 
[a]([-a] + {-a)[6]) + (a)[6]([a] + (o)[-6]) = (-a)[o][6] + (o)[6][a]. Multiplying with 
(a"i) yields [a][6] = -(-l)[6][a]. 

o From Lemma l4.3l (|^ and Lemma l44l (l^ we have {{a))[6, c] = —l)((a))[6 , c] 
and thus ((«))(! + (—1))[6, c] = 0. 

(O We have [a^, 6] = [a, 6] + (a)[a, 6] = 2[a, 6] + ((a))[a, 6] = 2[a, 6] + ((6))[a, a] = 
2 [a,6] + ((6))[-l,a] = 2[a,6] + ((-l))[a,6] = h ■ [a, 6]. 

(O We have ((a^))[6, c] = ((6))[a^, c] = ((6)) • h • [a, c] = 0. □ 

Corollary 4.5. Let A be a either a field or a commutative local ring whose residue 
field has at least 4 elements. Then in we have [oi,..., a„] = 0 ifui+Uj = 

1 or Oi + aj = 0 for some i ^ j. 

Proof. This follows from the Steinberg relation and Lemma 14.41 ([T]) and ([3]) . □ 

Definition 4.6. Let A be a commutative ring. We define the ring 

GW{A) 

as the quotient of the group ring Z[A*] modulo the following relations. 

(1) For all a e A* we have {{a))h = 0. 

(2) (Steinberg relation) For all a, 1 — a G A* we have ((a))((1 — a)) = 0. 
Definition 4.7. Let Al be a commutative ring. We define the Z[A*]-module 

V{A) 

as the quotient of the augmentation ideal I[A*] modulo the relations 

(1) For all a,b € A* we have ((a)) • 6, • [6] = 0. 

(2) (Steinberg relation) For all a, 1 — a G A* we have ((a)) [1 — a] = 0. 

Since ((a)) [6] = ((6)) [a] in I[A*] and hence in V{A)^ we see that the Z[A*]-module 
V (A) is naturally a GW (y4)-module. 

Proposition 4.8. Let A be commutative ring. Then the natural surjections Z[A*] —>■ 
GW(A) and I[A*] V{A) induce a surjective map of graded rings 

k^^{A) ^ TensGtv(A) ^(A) / [a][l - a]. 

If A is either a field or a local ring whose residue field has at least 4 elements then 
this map is an isomorphism in degrees > 2. 

Proof. It is clear that the map in the proposition is a surjective ring homomorphism. 
Its kernel is the (homogeneous) ideal in (^A) generated by the elements of the 
form {{a))h (a G A*), ((a))((l — a)) and ((a))[I — a] (a, I — a G A*). If A is a field 
or a local ring with residue field cardinality > 4, then this ideal is zero in degrees 
> 2, in view of Lemmas 14.31 (161). ([7]) and 14.41 (131). (0]). □ 

Remark 4.9. Since the homomorphism of graded rings in Proposition 14.81 is sur¬ 
jective for any commutative ring Gl, all formulas in Lemma 14.31 also hold in the 
target of that map. 

In case A is a field the following definition is due to Hopkins and Morel [Morl21 
Definition 3.1]. For commutative local rings, the definition was also considered in 

|nszi5j . 
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Definition 4.10. Let A be a commutative ring. The Milnor-Witt iL-theory of A 
is the graded associative ring (A) generated by symbols [a], a G A*, of degree 
1 and one symbol 77 of degree —1 subject to the following relations. 

( 1 ) For a, 1 — a G A* we have [a] [1 — o] = 0. 

(2) For a,b G A*, we have [ab] = [a] + [ 6 ] + 77 [a][ 6 ]. 

(3) For each a G A*, we have 77 [a] = [a]ri, and 

(4) + 2?7 = 0. 

Definition 4.11. Let A be a commutative ring and n an integer. Let {A) be 

the abelian group generated by symbols of the form [ 77 "*, mi, ..., Un+m] with ttt. > 0 , 
n + m > 0, Ui G A*, subject to the following three relations. 

(1) [ 77 "*, Ml, ..., Un+m] = 0 if Mi + Mi+i = 1 for SOme 7 = 1, ..., n + 777 — 1. 

(2) For all a, 6 G A*, 777 > 0 and i = 1, ...n + m we have 

[77™,Mi, ...,Mj_i,a 6 ,Mj+i, ...] = 

[ 77 ™, ..., Mj_i, a, Mi+i, ...] + [ 77 "*, ..., Mi_i, 6 , Ui+i, ...] + [77'"+\ ..., Mj_i, a, &, Mi+i, ...] 

(3) For each m > 0 and 7 = 1,..., 77 + 777 + 2 we have 

[77 , Ml, ..., M^—i, 1 , Mi-|_i, ..., M71-177,-1-2] “t“ 2[77 , ..., Mi_i, M7-I-I, ..., M77-1-777-1-2] — 0 . 

We make (A) = 0^^ (A) into a graded ring with multiplication 

K^^{A) ® Kf^{A) -G (A) 

defined by 

[77 , Ml, . • . , M7.-I-777] [77 , Ml, ..., Ms-l-77] I y [77 , Ml, • . - , M7.-1-777, Ml, . . . Ms-|-n]. 

By going through the 3 relations in Definition 14.111 this map is well-defined as map 
of abelian groups. The multiplication is obviously associative and unital with unit 
1 = [ 77 °]. We define a map of graded rings 

Kf^{A) -G k^^{A) 

by sending 77 to [ 77 ] and [m1 to [ 77 °, m]. It is easy to check that the defining relations 

foriF5^(A)holdiniF5-(A) 

Lemma 4.12. [Mori 21 Lemma 3.4] For any commutative ring A , the maps 
KW(a)^^W(a) : [77-,Mi,...,M„+7n]^^™N---[M77+,7.] 
define an isomorphism of graded rings 

k^^(A) ^ (A). 

Proof. The composition kf^^{A) —>■ Kf^^{A) —>• kf^^ {A) is the identity, and 
the first map is surjective. □ 

For a G A* set (a) = 1 -|-77[a] G K^^{A) and ((a)) = (a) — 1 = 77 ( 0 ] € K^^{A). 

Lemma 4.13. Let A be a commutative ring. Then for all a,b G A* we have in 
K^^{A) the following. 

(1) [ab] = [a] -h (a) [6] 

(2) (1) = 1 and [1] = 0, 

(3) [f] = H - (f)[^]. particular, [&-i] = -(&-i)[6]. 

(4) (ab) = (a) ■ (b) and (a) is central in (A). 
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(5) The map 1i[A*] —^ (A) : (a) i-A (a) is a surjective ring homomorphism 

making (A) into a Z[A*]-algebra. 

( 6 ) ((a)) ■ h = 0 where h = 1 + (— 1 ). 

(7) If a + b = I then ((a))[ 6 ] = 0. 

Proof. (P) We have [a 6 ] = [a] + [ 6 ] + r][a][b] = [a] + (1 + ? 7 [a])[&] = [a] + (a)[ 6 ]. 

(P We have [—1] = [—l] + [l]+77[—1][1], hence 0 = 77[l]+77^[— 1][1] = ri[l\ — 2'q[l] = 
— 77[1]. This shows (1) = 1. Now, [1] = [1 • 1] = [1] + (1)[1] = [1] + [1] from which 
we obtain [1] = 0. 

© We have [a] = [f5] = [f] + (f)[5]. 

© We have (a) • (6) = (l + 77[a])(l + ? 7 [&]) = l + 7y([a] + [&] + ??[a][6]) = lPT][ab] = 
{ab). Moreover, (a)[&] = (1 + ??[a])[6] = [6] + ??[a][6] = [ab] — [a] = [6a] — [a] whereas 
[ 6 ](a) = [6](1 + 77 [a]) = [ 6 ] + J 7 [ 6 ][a] = [6a] — [a]. Hence (a)[6] = [6](a). 

© It is clear that Z[H*] —>■ K^^{A) is a ring homomorphism. By Lemma 
14.121 the group K^^{A) is additively generated by [ 77 °] and [ 77 , 0 ], equivalently, by 
[ 77 °] = 1 = (1) and [ 77 °] + [ 77 , a] = (a). Hence, the map of rings is surjective. The 
ring K^^{A) is a Z[H*]-algebra since (A) is central in K^^{A). 

© We have (a) • 6 , = (1 + 77 [a]) ■ h = h because 77/1 = 0. Hence ((a)) ■ h = 0 
© If a + 6 = 1 then ((a))[ 6 ] = 77 [a][ 6 ] =0. □ 


Lemma 4.14. Let A be a commutative ring. Then the following map defines an 
isomorphism of rings 

GW (A) A K^^{A) : (a) ha (a) 

Proof. By Lemma |4. 1 31 the map in the lemma is a surjective ring homomorphism. 
Using Lemma 14.121 we define the inverse by 

m 

k^^{A) ^ GWiA) : [ 77 ™, ai,..., a™] ^ l[{{a^)) 

i=l 

It is easy to check that this also defines a surjective ring homomorphism. Since the 
composition GW (A) —>• [A) —>■ GW (A) is the identity, we are done. □ 

Lemma 4.15. Let A be a commutative ring. Then for a,b £ A* we have in V{A) 

(1) ((a))[6] = ((6))[a] 

(2) h[b]=2[b] + {{b))[-l] 

Proof. © The equation holds in I\A*] and hence in its quotient V{A). 

© We have h[h] = [ 6 ] + (-1)[6] = 2[6] + ((-!))[ 6 ] = 2[6] + (( 6 ))[-l]. □ 


Lemma 4.16. Let A be a commutative ring. Then we have an isomorphism of 
GW (A) = {A)-modules 

V{A) ^ K^^{A) : [a] ^ [a]. 


Proof. By Lemma 14.131 the map in the lemma is well-defined. Using Lemma [ 4.121 
we define the inverse by 

k^^{A) V{A) : [ 77 "*, Ui, . . . , Um+l] [ J^(('f^i)) ] [Um+l]- 


This map preserves the relations of Definition 14 .1 ll the last one follows from Lemma 
14.151 © which implies 0= {{a))h[b] = ((a))((6))[—1] -|-2((a))[6] G V{A). □ 
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For A a field, the following is a remark (without proof) in [Mori 2] . 

Proposition 4.17. Let A be a commutative ring. The isomorphisms GW {A) = 
K^^{A) and V{A) = in Lemmas 14^41 and \4.16] extend to an isomor¬ 

phism of graded rings 


TensGvu(A) V"( 2 l)/{[a][l - a]| a, 1-aG A*} ^K^^{A). 
Proof. Using Lemma 14.121 the inverse is given by the ring map 


^ TensGTu(A)V(^)/{[a][l-a]| a,l-aG A*} 

\j] 7 '^ 1 : ■ • ■ ; '^m+n] ' ^ !!((”•» I ^^m+l] ■ ' ■ [^m+n] 


This map is well-defined and indeed the required inverse in view of Lemma 14.151 
and Remark |4.91 □ 


Now we come to the main result of this section. For fields, a related but different 
presentation is given in [HT13] . 

Theorem 4.18. Let A be either a field or a local ring whose residue field has at 
least 4 elements. Then the homomorphism of graded ’ZIA*]-algebras 

{A) ^ {A) : [a] [a] 

induces an isomorphism for all n > 2 

k^^{A)^K^^{A). 

Proof. The theorem follows from Propositions 14.81 and 14.171 □ 


Proposition 4.19. Let A be either a field or a local ring with residue field cardi¬ 
nality at least 4. Let n > 1 an integer. Then for Oi & A* (1 < * < n) and Xi G A* 
(1 < i < n) with Xi 7^ Xj for i fiz j (X denotes reduction of X modulo the maximal 
ideal), the following relation holds in k^'^{A): 

[AiUi, • . • , [ui, • . • , Un] 

= Yki=i • (“i) • [(Ai - Ai)ai,..., (Ai - Xi)ai ,... (A„ - Ai)a„, A,]. 
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Proof. We will prove the statement by induction on n. For n = 1 this is Lemma 
mm- For n > 2 we have 


• (“i) • [(^1 “ , (Aj - Ai)a^,..., (A„ - Ai)a„, Ai] 

- 127=1 • (“i) • [(Ai - A*)oi,..., (Aj - Ai)aj,..., Ana„, A*] 

H“ 1 ^ {.^n^n) [(-^1 (Ayj_i ,1 Aj/ A^^, A^] 

- (l]r=i^ £*’^"“^(a»)[(Ai - Aj)ai,..., (Ai - Aj)aj,..., (A„_i - Ai)a„_i, A*]^ [A„a„] 

H“(AnQ'n) 1 (^z)[(Al Ai)^!!, - ■ • , , . . . , (An —1 — 1 An] 

= [AlO-l, • ■ • , An^^-n] [^1? • ■ • 5 ^n—lt An^^n] 

+e{A„a„)X;r=i^e*’^"“Mai)[(^ - x^)ai ,..,..., 1 - ^,A„ 

( 4 ) 

- [Al Ui, . . . , At^U^i] [q-i , . . . , Q/n] (^n) [^1; • ■ • ; (^n—1: An] 


AnUn) ([(^ )^1 5 • ■ • 5 (1 x^ )an—1 ? An] [ui, . . . , Un — 1 j An]^ 

( 5 ) 

— [Al Ul, . . . , AnUn] [ui, . . . , Q’n\ (Un) [ui, . . . , Qn—15 An] 

ip-n) [(Al An)ui 5 • ■ • 5 (An —1 An)Un—1 j An] “t“ (Un) [ui, . . . , Qn—15 An] 

— [AlUi, - ■ • , AnUn] [^1; • ■ • ; 0/n] {^n)[(Al An)uij ■ • ■ ; (An—1 An)Un—1, An]- 


Here, equation (1) follows from 

[(An Ai)Un] — [(1 Ai/An) * AnUn] — [AnUn] “f (AnUn)[l Ai/An], 

equation (2) follows from [Ai] = [An^] = [An] + (An)[;^] together with the Stein¬ 
berg relation which yields 

[1 Ai/An, Ai] — [1 Ai/An, An] ■ 

Equation (3) follows from the induction hypothesis and 

[—a/A, A] = [a, A] -I- (a)[—1/A, A] = [a. A] -I- (—a/A)[—A, A] = [a. A]. 

Equation (4) follows from the induction hypothesis. Equation (5) follows from 
[-a/A, A] = [a. A] and (-l)[a. A] = (-l)[(-A)(-f )][A] = (-!)([-A] + (-A)[-a/A])[A] = 
(A)[-a/A,A] = (A)[a,A]. □ 


5. The obstruction to further stability 

The purpose of this section is to prove Theorems II.21 and II.51 from the Introduc¬ 
tion. 

In subsection Ol A can be any commutative ring, unless otherwise stated. In 
the remaining subsections, A will be a local commutative ring with infinite residue 
held k. In this case, A has many units, its stable rank is sr(H) = 1, and we write 
a S fc for the reduction of o G H modulo the maximal ideal in A. 




EULER CLASS GROUPS 


23 


5.1. Multiplicative properties of the spectral sequence. Let ^ be a com¬ 
mutative ring. Recall from Section [3] the complexes C{A^) with Cr(A") the free 
abelian group generated by the set Ur{A^) of left invertible n x r-matrices with 
entries in A. Matrix multiplication makes C(kl”) into a complex of left GLn{A)- 
modules. Recall also the spectral sequence 

(5.1) = Tor^^»(Z[kl*],C',(kl")) ^ Hp+,{Z{A*] C{A-)) 

with differential (T of bidegree (r—1, —r). This is the spectral sequence Epg{A^) => 
Gp+q{A'^) of the exact couple 

(5-2) ©p., e;ja^) ©^_, d;ja^) ©^^^ Gp+,(A") 

3 

where 

= Hp+q{Z[A*\ k)GLr. C<,(kl-)) 

El^iA'^) = Hp+q{Z[A*] ®GL^ CqiA'^M) = Hp{Z[A*] ®gl^ Cq{A^)) 

Gp+qiA^) = Hp+q{Z[A*]k>GL^GiA^)). 

For r = 1, the maps i,jjk are the maps of the long exact sequence of homology 
groups associated with the exact sequence of complexes 

0 ^ G<q-i{AJ^) —>■ G<q{A^) —> Cq{AA)\q\ —>■ 0 

and the map p is induced by the inclusion G<q{A^) C G(A’^). The derived couple 
is obtained by keeping G and replacing D with Im(j), E with the homology of 
{E, k o i), and i, j, k, p with certain induced maps. 

The spectral sequence comes with a filtration of the abuttment 

(5.3) 0 C Fp+q^o{A'-) c Fp+,_i,i(A") c • • • C Eo,p+q{A^) = Gp+,(A") 

where Fp^q{A^) is the image of p : Dp^q{A^) —>• Gp+q{A"‘) (that image is indepen¬ 
dent of r) and an exact sequence 

(5.4) 0 ^ Fp+i,,_i(kl") ^ Fp,q{A-) ^ i?p“ (A") ^ 0. 

For large r (depending on {p,q)), the map i is zero, E^^^ = E^^, and the exact 
sequence (15.41) is the exact sequence 

0 ^ 44^+1,,_i (A") ^ i4;,(ki") ^ ^ o. 




In this section, we are interested in the degree n-part of the spectral sequence 
E{A'^), and we set 

Sn{A) = H^{Z[A*] ®GL^ G(A")) (= G„(A")). 

For instance, we have 


So{A)=Z[A*], S,{A) = I[A*] 
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since 'Z[GLo{A)] = h, and C{A^) is the augmentation complex e : ZIA*] —)■ Z with 
Z placed in degree 0. 


Remark 5.1. If A is a local ring with infinite residue field, we let Zn(A'^) be the 
GLTi(A)-module 


Z„(A") = ker(dn : C^A^) ^ C„_i(A")). 


From Lemma 13.11 or Lemma 15.61 below, the canonical map Z„(A"')[n] —>■ G(A") is 
a quasi-isomorphism of complexes of GL„(A)-modules, and thus, 

(5.5) 


Sn(A) = Z[A*jz>GL„Zn(A^) 


Z^SL„2n(A^) = SL^\Z„(A^), n > 1 
Z[A% n = 0. 


Let A be a commutative ring. Since the complex G(A”) is concentrated in 
degrees between 0 and n, the spectral sequence E{A'^) has two edge maps. Set 


(5.6) 


B^{A) = R„(Z[A*] |)gl„ Z) 


Hn{SL^A,Z), n>l 
Z[A% n = 0 


(= Dl,iA-) = El,{A-)). 


Then the incoming edge map is the map Bn{A) —>■ Sn{A) induced by the inclusion 
Z = Go(A") C C(A’^). The outgoing edge map is the map 

Sn{A) ^ H^{Z[A*] ®GL^ Z[GL„][n]) = Z[^*] 
induced by the projection G(A”) —>• G„(A")[n] = Z[GL„(Al)][n]. 

Remark 5.2. Let A be a local ring with infinite residue field. In the description 
dSSl) of SniA), the outgoing edge map is the determinant map 

det : Sn{A) —>■ Z[A*] : z i-A- det( 2 ;) 

sending the class of a cycle z = m ■ [at] G Zn{A^), at G GLn{A), m G Z, to its 
determinant 

det(z) = ^rii(detQfi) G Z[A*]. 

i 

Let g 1 be a commutative ring. We will need some multiplicative properties of 
the spectral sequence which we explain now. For a group G, denote by E{G) 
the standard contractible simplicial set with free G-action on the right, and by 
ZE{G) the chain complex associated with the free simplicial abelian group gen¬ 
erated by E{G). So, ZE(G) is the standard free Z[G]-resolution of the trivial 
G-module Z with ZEq(G) = Z[G'^+^] and differential dq = defined by 

(5*(go, ■■■,gq) = (ffo, ■■■gq)- The group G acts from the right on ZE{G) by the 
formula {go, ...,gq)g = {gog, ■■■,gqg)- Recall that the shuffle map 

V : ZE{Gi) (g) ZE{G 2 ) ZE{Gi x G 2 ) 

is a quasi-isomorphism and a lax monoidal transformation and thus makes the usual 
unit and associativity diagrams commute; see for instance [SSOdl §2.2 and 2.3]. 

Let A be a commutative ring which is flat over Z. Let G be a group equipped 
with a group homomorphism G —>■ A* to the group of units of A, that is, a 
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ring homomorphism Z[G] —>■ A. We consider A as a right G-module via this 
ring homomorphism. We let G act on AE{G) = A (g) ^£{0) via the formula 
(A (8> {go,...,gq)) ■ g = \g ® {gog, ...,gqg). Then AE{G) is a free resolution of A 
in the category of A[G]-modules. Let M be a bounded complex of G-modules. 
Then A 0 M is a bounded complex of A[G]-modules. Since A is flat over Z, the 
canonical map 

L L 

A Oag (A (g) M) — > A ®G M 
induced by the isomorphism 

A(g)AG(A 0 M) A®gAI : Ai 0 (A 2 0 m) A 1 A 2 0 m 

is a quasi-isomorphism. This can be checked using a Z[G]-projective resolution of 
M . In particular, 

AE{G) 0A[G] (A 0 M) ^ AE{G) ®g M 

L 

represents A 0g M. 

Let Gi, G 2 be groups equipped with group homomorphisms Gi, G 2 —>■ A*. Since 
A is commutative, we obtain a group homomorphism Gi x G 2 —>■ A*. Let Mi, M 2 
be bounded complexes of Gi and G 2 -modules, respectively. Then Mi 0 M 2 is a 
complex of Gi x G 2 -modules. The cross product 

X : Toif 1 (A, Ml) 0A Toif = (A, A/ 2 ) ^ (A, Mi 0 M 2 ) 

is the map on homology induced by the map of complexes 

{AS(Gi) 0G, Ml} 0 A {AE{G2) ®g, M 2 } 

^ {a/;(Gi)0aA/;(G2)}0gixG2 (M 10 M 2 ) 

AE{Gi X G 2 ) 0GixG. {Ml ® M 2 ). 

Since the shuffle map is unital and associative, so is the cross product. 

We apply the previous considerations to A = Z[A*j, Gi = GLm{A), G 2 = 
GLn{A), Ml = G(A™), and M 2 = G(A”). The cross product together with the 
GLm{A) X GL„(A)-equivariant map of complexes |NS89[ §3] 

(5.7) G(A'") 0z G(A") ^ G(A'"+") :x®y^{x,y) 

given on basis elements by concatenation of sequences, then defines a product 

Sm{A) 0A* Sn{A) y Sm+n{A) 

wich makes 

5(A) = 05„(A) 

n>0 

into an associative and unital Z[A*]-algebra. 

Remark 5.3. Let A be a local ring with infinite residue field. In terms of cycles 
(1531) . the product is given by 

on 0 
0 ft- 
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where ai G GLm(A) and /3j G GLn{A), mi,nj G Z. In particular, the outgoing 
edge map det : S'(A) 7j[A*] is a ring homomorphism. 


Let A be a commutative ring. The map of complexes (j5.7l) restricts to maps 

G^riA'^) ® G<Mn ^ C<,+,(A™+”) 

which, together with the cross products, define pairings 
that are suitably associative and unital. In particular, 

S(A) = 0S„(A) = 0<o(^”) 

n>0 n>0 

is a unital and associative Z[>l*]-algebra, and for all r > 0 the graded A*-module 

0 D\_^ .^{A'^) 

n>0 


is a graded B{A) bimodule. The map B[A) S{A) is a map of graded Z[A*J- 
algebras, and the maps 

B(A) ^ 0 0 ^ S(A) 

n>0 n>0 

are ;B(^)-bimodule maps. Since all maps in (15.21) are ,B(24)-bimodule maps, the 
resulting spectral sequence 

Qe;,ja-)=^Qg,+,(a-) 

n>0 n>0 


is a spectral of ;B(>l)-bimodules. 

For a group G and a subgroup H < G, write C{G, H) for the complex of G- 
modules Z\G/H] -G Z : gH i-A 1 with Z placed in degree 0. By Shapiro’s Lemma, 
we have a canonical isomorphism Hn{G, H;Z) = Hn{G,G{G, H)). 

For n > 2, the inclusion SLn-i{A) C Afff_^_j(yl) defines a map of complexes of 
S'L„( A)-modules 

(5.8) C{SLr,{A),SL^-i{A)) ^ G{SL^A,ASf^„_,A) = C'<i(A"). 


Lemma 5.4. Let A be a eommutative ring with many units. Let 2 < n < no and 
a G Z[A*] as in {*). 

(1) The map \5.8\) induces an isomorphism of A*-modules 


( 2 ) 


The natural surjetion ]^(A) -G Fn-ip{A) induces an isomorphism A*- 

modules 


-1 


Dt 




Proof. It follows from Theorem 12.41 and the five lemma that the map (15.81) induces 
an isomorphism 

Hp{SLr,{A),SLn-i{A)) -G a-iiLp(5L„A,Aff“_i A) 
for all p < no . This proves (P). 


EULER CLASS GROUPS 


27 


For part ([2|), consider the exact sequence 

r)i r)! fT*! r)i 

-^71,0 -^n-1,0 

and the isomorphism k : g = E^_iq. By Lemma 13.41 the differential d = 

ki : 2 is zero. Hence, is the kernel of the map 

The exact sequence above induces the exact se- 
ker((i) —>■ 0 which, after localization at cr, is 
A a~^E^_i i —^ 0. By Proposition 13.51 we have 
Now, the last exact sequence 
^0. By the five lemma, we are 

□ 


i : a ±L 

quence 0 
-1 


'n-1,1 


Im(j) 


^n-1.0- 


0 cr cr 

'n.o - ^~^Fn,o and cr 


.-1 i 


maps to 0 —>■ cr 
done. 


-1 
-1 p 

-i- r. 


n-l,! 


,0 -t <7 


-1 Tp2 

1 - 


= a-^E: 


e: 


^-1 


5.2. Presentation and decomposability. 

In this subsection, A is a commutative local ring with infinite residue field. 

In order to obtain a presentation of Sn{A), we need to recall from [NS89] the 
definition of the complex of GL„(H)-modules C{A'^). A sequence {vi,...,Vr) of r 
vectors in A" is said to be in general position if any min(r, n) of the vectors vi, ...,Vr 
span a free submodule of rank min(r, n). A rank r general position sequence in A" 
is a sequence {vi,...,Vr) of r vectors in A" which are in general position. Note 
that (?;i,..., iTr) is in general position in A" if and only if their reduction {vi, ...,v.r) 
modulo the maximal ideal of A is in general position in . This is because a 
set of vectors vi, ...,r’s spans a free submodule of rank s if and only if the matrix 
(z)i, ...jVs) has a left inverse. 

Let V = {vi,...,Vr) be a general position sequence, we call a vector w G A"^ 
transversal to V if (y,w) = {vi, ...,Vr,w) is also in general position. 

Lemma 5.5. Let (A, m, k) be a local ring with infinite residue field k. Let V ^,..., 
be a finite set of rank r general position sequences in A". Then there is an element 
e G A" which is transversal to ,..., . 

Proof. Since a set of vectors is in general position in A” if and only if it is modulo 
TO, we can assume A = fc is an infinite field. Let V be the union of the vectors 
occurring in the sequences V^,...y^. Let rg = min(r,n) — 1. Each subset of V 
of cardinality rg generates a fc-linear subspace of fc" of dimension < rg. Since k 
is infinite and rg < n there is e G A" which is not in any of these finitely many 
subspaces. Any such e is transversal to ..., E®. □ 

Let 17r(A") be the set of sequences {vi,...,Vr) of vectors vi,...,Vr which are in 
general position in A". For integers r, n with n > 0, let Cr{A'^) = Z[f/"(A)] be the 
free abelian group with basis the rank r general position sequences (ui, ...,Vr) in A". 
For instance, Cr(A”) = 0 for r < 0, C'g(A”) = Z generated by the empty sequence, 
and Cn{A^) = Z[GL„(A)]. For i = l,...,r one has maps 5], ■. Cf: ^ ^”-i defined 
on basis elements by 5*(ui,..., = (vi, ...,Vi, ...,Vr) omitting the i-th entry. We 

set dr = —t Cr- 1 , and it is standard that drdr+i = 0. This 

defines the chain complex G(A”). The group GLn{A) acts on this complex by left 
matrix multiplication. 

Lemma 5.6. Let A be a local ring with infinite residue field. Then the complex 
G(A") is acyclic, that is, for all r G h we have 

Hr{C{Ay) = 0 . 




28 


MARCO SCHLICHTING 


Proof. Let ^ = X]i=i^ Cr{A'^) where are rank r general position se¬ 
quences. By Lemma [5.51 we can choose e S which is transversal to V^,V^. 
Set (^, e) = X]i=i s) S Cr+iiA^). If = 0 then 

dr+i{i.e) = e) + e) 

= Ke,e) + (-ir5;+i(e,e) = (-ire 

This shows that ^ is a boundary. □ 

In the following proposition, we consider the empty symbol [] as a symbol, the 
unique symbol of length zero. 

Proposition 5.7. For n > 0, the 'Z[A*]-module Sn{A) has the following presen¬ 
tation. Generators are the symbols [ai,...,a„] with m G A*. A system of defining 
relations has the form 

[AlUl, . . . , Ayjttyj] [ai, . . . , Oyi] 

= Yh=i • (Oi) ■ [(Ai - Ai)ai,..., (Ai - \i)ai ,... (A„ - Ai)a„, A*] 

where Xi G A* and Xi ^ Xj G k for i ^ j and e = —(—1) G Z[A*]. 

Proof. For n = 0, the module given by the presentation is generated by the empty 
symbol [] subject to the trivial relation [] ~ D = Hence, this module is Z[H*] 
which is So{A). For n = 1, the module given by the presentation is generated by 
symbols [a] for a G A* subject to the relation [Aa] — [a] = (a)[A] for a,X G A*. By 
Lemma oi this module is the augmentation ideal I[A*] which is S'i(H). 

For n > 2, the proof is the same as in [HTlOl Theorem 3.3]. We have 

Sn{A) = H^iZiA*] ®GL^ Zr,{A^)) = Zn(A")) 

since det : GLn{A) —>• A* is surjective with kernel SLn{A) (Shapiro’s Lemma). In 
view of Lemma 15.61 we have an exact sequence of GLr!,(Al)-modules 

Taking S'Lr!,(Al)-coinvariants yields a presentation of as = GLn{A)/SLn{A)- 

module. 

As GLn{A)-sets we have equalities 

Un+i{A^)= I_I GL„(A) ■ (ei,..., e„, a) 

ai,... ,a„ G A* 

where a = aie„ -I- ■ • • -b a„e„ and 

G„+ 2 (A”)= □ GL„(A).(ei,...,e„,a,&) 

,.. .,bnGA* 

where a = aie„ -b • • • -b a„e„, b — biCn -b • • • -b bnOn with dibj djhi G k ioi i ^ j. 
In other words bi = A^a^ for some A^ G A* such that A^ ^ Xj. 

For i = 1,..., n we have 

'^n+ 2 (ei, e„, a, b) = (ei,..., ej,..., e„,a, b) = M\a) ■ (ei,..., e„, c) 
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where M'^{a) is the matrix (ei,Ci,e^, a) and 

C — ikf (ft) b — (('^l ■ ■ ■ ; -^1)^1: ■ ■ • -^i)- 

Since det M'^(a) = (—we have the following presentation for Sn(A) as Z[A*]- 
module. Generators are the symbols [ft] = [fti, with a = OiCi + • • • + a„e„ 

where fti G A*, the symbol [a] representing the S'L„(A)-orbit of (ei,e„, ft). The 
relations are 

n 

0 = d„+2(ei,e„, ft, b) = (- 1 )"[ 6 ] - (-l)"[ft] + ^(-l)*-i((-l)"+*ft.)[M*(ft)-i 6 ] 

where bi = with Xi ^ Xj for i ^ j. This can be written as 

n 

[6]-[ft] = 5]e*+'^(ft.)[Ar(a)-i6]. 

i=l 

□ 


Remark 5.8. We compute the determinant of [oi, as 

det[ai, = (-1)”{1) + X]Li(“l)*’^^(det(ei, ...,ei, ...,e„,a)) 

where a = ftiCi + ■ • ■ + a„e„. For instance, 

det[ft, 6] = (-ft) - (6) + (1) 

det[ft, b, c] = (ft) - {-b) + (c) - (1). 

Let 5>i(>l)=©„>i Sn{A) C S'(A) be the ideal of positive degree elements, and 
define the graded ideal S{Ay^^ of decomposable elements as 

S{Af^^ = S>i{A)-S>i{A)cS{A). 

The algebra of indecomposable elements is the quotient 

S{Ay^‘^ = S{A)/S{Af^^. 

We will show in Proposition 15.141 that a~^S™‘^{A) = 0 for u > 3. The proof 
requires the complexes C{V,W) from [NS891 §3] which we recall now. Let V and W 
be finitely generated free A-modules. Let Um{V, W) = Um{V) x W™ C UmiV®W) 
be the set of sequences 



with Vi gV and Wi G W such that (ui, U2, Vm) can be completed to a basis of V. 
Let Cm{V,W) = Z[Um{V,W)] be the free abelian group generated by Um{V,W), 
and define a differential d : Cm{V,W) Cm-i{V^W) as in (|3.1I) . In particu¬ 
lar, C{V,W) is a subcomplex of CmiV © W), and C{V,0) = C{V). Note that 
Cm(V, W) = 0 for TO > rkP where rkP denotes the rank of the free ^-module V. 
The group 


Afr(P, W) 


GL{V) 0 
Hom(P, W) Ivu 
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acts on Um{V, W) by multiplication from the left making the complex C{V, W) into 
a complex of left Aff(V, W^)-modules. For rkF = n let 

Zniy, W) = ker(d : W) ^ W)). 

Lemma 5.9. If n = rkV, then the canonical map of complexes 0 /Aff(F, VF)- 
modules 

Zr,{V,W)[n]^C{V,W) 

is a quasi-isomorphism. 

Proof. This is [NS891 Corollary 3.6]. □ 

The determinant map Aff(F, VF) —>■ A* makes Z[A*] into a right Aff(F, fF)- 
module. Write S{V,W) for the group 

SiV, VF) = TorAff(FW^)(z[yl*], C(F, FF)) = Z[A*] ®Aff(y.w) Z^iV, FF). 

Lemma 5.10. Let V, W be finitely generated free A-modules with n = rkV. Let 
n < uq and a G Z[A*] as in (*). Then for 0 < p < uq, the inclusion C(V) = 
C{V,0) C C(V,W) induces isomorphisms 

a-^ Tor^^('^)(Z[A*], C'(F)) ^ a-^ VF)). 

In particular, the inclusion 0 C IF induces an isomorphism A* -modules 

a-'^SiV) -^a-^S{V,W). 

Proof. The proof is the same as in |NS89[ Proposition 3.9] replacing |NS89[ Theorem 
1.11] with Theorem 12.41 □ 

If n = rkF and m = ikW , then concatenation of sequences defines a map 

Zn{V,W) ® Zm{W) ^ Z„+„(F©IF) 

( ■■■ 1 (X) ("71 7 1 i-A f "1 ■■■ O'" Of 

which induces a well-definied multiplication 

S{V, W) ® ZmiW) S{V © IF). 

Similarly, concatenation defines a product 

ZmiW) © S{V,W) ^(F©^) 

{zi,...,zm) © ^ (zi::: z°„, ::: Zi) ■ 

Proposition 5.11. Let V, IF be finitely generated free A-modules with rk IF = m. 
If rkV < no and a G Z[A*] as in (*), then the map p : 5'(F, IF) —>■ 5'(F) induced 
by the unique map of A-modules IF ^ 0 yields commutative diagrams 

a-^S{V, IF) © ©,„(IF)-^ <7-^S{V © IF) - Z^{W) © ^-^^(F, IF) 



(t-15(F)©Z„(IF) Zm{W)Z)a-^S(V) 

Proof. This is because the diagrams obviously commutes when the isomorphism 
p : a~^S{V, IF) —>■ tT“^S'(F) is replaced with its inverse given in Lemma 15. 101 □ 
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Lemma 5.12. Let no > n > 2 and a G ZIA*] as in {*). Then for ai,an,b G A* 
and 1 < i < n we have in (j~^S{Ay'^'^ 

a„]. 

Proof. Using Proposition lS.lll the proof is the same as in [HTlOi Theorem 6.2] and 
[NS891 Proposition 3.19]. We omit the details; the case n = 3 is explained in more 
details in Lemma [5. 131 below. □ 

We will need a slightly more precise version of Lemma 15.121 when n = 3. 

Lemma 5.13. Let no > 3 and a G h[A*] as in (*). Then for all a, b,c,XG A*, the 
following holds in cr“^iS' 3 (A) modulo S'i(>l) • S' 2 (^). 

(1) [Aa,&,c] = {A)[a,6,c] 

(2) [a, A6, c] = {A) [a, b, c] + S 2 (^) • [c] 

(3) [a, &, Ac] = {A)[a,6,c] + 52(A) • [A] 

(4) [a,b,c] = (a&c) [1,1,1] + 52 (A) • [c]. 

Proof. To prove m, write X = Aaei + be 2 + ce^ and note that 

[Aa, 6 ,c] - (A)[a,5,c] = d{(ei, 62 , 63 ,x) - (Aei, 62 , 63 ,x)} 

= (ei - Aei) • d(e 2 ,e 3 ,a;) 

= -[A]-[ 6 , 0 ] e5i-52 

where the last equality follows from Proposition 15. Ill 

To prove write X = aei + Xbe 2 + 063 , u = aei + Xbe 2 and note that 

[a, A 6 , c] - (A)[a, 6 ,c] = d{(ei, 62 , 63 , x) - (ci, Ae 2 , 63 , a;)} 

= (e 2 — Ae 2 ) • d{u, 63 , x) — d{ei,u){e 2 — Xe 2 ) ■ d(e 3 , x) 

+{u(e 2 — Xe 2 ) + (62 — Ae 2 )M} • d(e 3 , x) 

G 5i ■ 52 + 52 • [c] + 52 • [c] 

where the last line follows from Proposition lS.lll 

To prove ©, write X = aei + be 2 + Xce^ and note that 

[a,5, Ac] - (A)[a, 6 ,c] = (i{(ei,e 2 ,e 3 ,x) - (ei,e 2 , Ae 3 ,x)} 

= (62 - ei) • {x(e3 - Acs) + (63 - Ae3)x} 

-{( 61 , 62 ) + (62 - ei)x} • (63 - Ae 3 ) 

e 5i • 52 + 52 • [A] 

where the last line follows from Proposition lS.lll 

Finally, to prove o, we note that modulo 5i ■ S 2 we have 

[a,5,c] = (a)[l,5,c] 

= (aS)[l, l,c] + 52 • [c] 

= (a 6 c)[l, 1 , 1 ] + 52 ■ [c] 

in view of o, © and ©. □ 

The rest of the section is devoted to the proof of the following. 
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Proposition 5.14. For 3 < n < no and a £ ZIA*] as in {*) we have 

a-^Sr,{AY^^ = o-^Sn{A). 

Keep the hypothesis of Proposition 15.141 Let Si(^) be the free Z[A*]-module 
generated by the set of units a & A* with d 1. Define S(yl) as the tensor 
algebra of Si(A) over Z[A\ with Si(^) placed in degree 1. So, S„(A) is the free 
Z[Al*]-inodule generated by symbols [oi, a„] with Oi £ A* such that di 1, and 
multiplication is given by concatenation of symbols. Similarly, let Si (A) be the free 
Z[£l*]-module generated by the set of all units a G A*. Define S(A) as the tensor 
algebra of Si (A) over Z[A] with Si (A) placed in degree 1. Consider the diagram 
of graded Z[ 2 l*]-module maps 

(5.9) E{A)^^t2.{A)^^Z[A*][T^] 

P Q 

S(£l) S 2 M) -- 


where the maps are defined as follows. The map L : S(A) -G S 2 *(^) is the Z[^*]- 
algebra map induced by the Z[A*]-module homomorphism Si (A) —>■ S 2 (A) defined 
on generators a £ A* of Si (A) by 

L{a) = (-1)[1 - a, 1] - (a)[l - a"\ a“^] + [1,1]. 


The map R : S(A) —>■ S 2 *{A) is the Z[A*]-algebra homomorphism induced by the 
Z[A*]-module homomorphism 

Si (A) —^ 52 ( 41 ) : [a] I—t i?(a) = [1,®]. 

The map If : S 2 *(^) —t Z[^*][T^] is the Z[A*]-algebra homomorphism which is the 
even part of 

S(4l) ^Z[4l*][r] : [ai,...,a„] ^ (ai---a„)r". 

The middle and right vertical maps are the Z[j4*]-module homomorphisms 

p : S„(A) ^ Sn{A) : [oi,..., a„] e-y [m,..., a„] 


and 


q : ZIA*] ■ T" ^ 5„(A)™‘^ : T" ha [1,..., 1]. 


Lemma 5.15. The diagram i5. ,91) commutes in degrees < no after inverting a £ 
Z[A*]. 


Proof. Commutativity of the right hand square follows from Lemma 15.121 The 
proof of the commutativity of the left hand square is the same is in |HT101 Lemma 
6.6] and we omit the details. □ 


Lemma 5.16. Proposition \5. 14\ is true for n > 4 even. 

Proof. Set d = n/2. So d > 2. The composition of the two lower horizontal maps 
in diagram (EH) is zero in degree d since S is decomposable in degrees > 2. The 
right vertical map in that diagram is surjective in degree d after inverting cr, by 
Lemma [5. 121 For any r > 1, when extending scalars along Z[A*] —>■ Z\A* jAT*\ the 
composition of the top two horizontal arrows in the diagram becomes surjective. 
For if a £ 4l is a unit with d’' y^ 1 then 1 — a~'' = a’' — 1 in A* jA*'*, and hence 

nL(a") = (-1)(1 - a") - (a")(l - a-")(a-") + 1 = 1 £ Z[4l74l”]. 
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It follows that (IIoL) (g)^. jA^*\ is surjective in degree 1 which implies surjec¬ 

tivity in degrees n{)>n>l. We have thus shown that 

(5.10) 'L[A*/A'^*] = 0 
for all r > 1. 

Taking the image of the filtration (15.31) in defines the filtration 0 C 

C ... C with quotients sub¬ 
quotients of Since the edge map det : Sn{A) —>• = Z[A*] 

sends the decomposable element [—1, l]'^ to det([—1, l]'^) = (det[—1,1])'^ = (1)‘^ = 
(1), we have = 0. Moreover, = 0 as a-^El^_^iA^) = 0. 

For 2 < r < n, the ^*-module Eyy_^{A"‘y'^‘^ is a subquotient of a~^Ey^_^{A'^) = 
Hr{SLrA) and hence a Z[y4*/A’’*]-module. Using (15.101) . induction on r shows that 
= 0 for all r. Hence, cr-iS'„(H)“^ = 0. □ 

Lemma 5.17. Proposition \5.1^ is true for n odd. 

Proof. Let n = 2d + 1 he odd with d > 1. Choose A„,Ai,...,Ad S A* such that 
Xi y Xj for i y j, Xn y Ai -l- Aj for j, j = 1,..., d. This is possible since A has infinite 
residue field. For i = d -I- 1,..., 2d set Xi = Xn — A„_i. Then Xi G A* and Xi y Xj 
for 1 < i y j < n. For 1 < j, j < n we have Xj — Xi = —{Xn-j — A„_i). Since n is 
odd, ioi i y n we therefore find 

(An Xi)Xi (Aj A^) = An—i(An Xn—i) {Xj An—z). 

j^i,n j^n—i,n 

The equation from Proposition 15.71 with oi = ... = a„ = 1 together with Lemma 
15.121 then implies that —1 = 0 in the group cr“^S'n(v4)™‘^. Hence this group is 
zero. □ 

5.3. The Steinberg relation and E[ 2 {SL 2 A). 

In this subsection, A is a commutative local ring with infinite residue field. 

Definition 5.18. We define *S(H) as the quotient left 5'(H)-module 

5(H) = 5(H)/(5(H). [-1,1]). 

Recall the canonical maps 

(5.11) 

id„(5L„(H),5Ln-i(H)) ^ Dl_, ,{A) ^ Un-i.i(H"-i) c 5„(H) ^ 5n(H). 

all but the last of which were defined in Subsection Ol and the last is the natural 
surjection. 

Lemma 5.19. Let 2 < n < Uq and a G Z[H*] as in (=i=). Then the map \5.11\) 
induces isomorphisms of A*-modules 

idn(5Ln(H),5Ln-i(H)) Aa-iF„-i,i(H’^) Aa-i5„(H). 

Proof. The first isomorphism was proved in Lemma 15.41 
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For the second isomorphism, recall from the proof of Proposition [3^ the map of 
complexes ijj : CC{A'^) which induces maps of short exact sequences 

-- a-^Fr,-s+2,s-2{A^-^) ^ 

\. ij) 4- "0 4' V' 

a-^Fn-s+i,s-i{A'^) ^ a-^Fn-sAA'^) ^ 

For s = 2, the right vertical map is an isomorphism and the upper left corner 
is 0. It follows that the the middle map is injective with cokernel the lower left 
corner Fn-i,i{A'^). Since the right vertical map is an isomorphism for s > 2, 
it follows by induction on s that ip : a~^Fn-s+ 2 ,s -2 

is injective with cokernel cr“^F'„_i_i(A"). The case s = n is the isomorphism 
a~^Fn-i^i{A'^) —>■ a~^Sn/'ipiSn- 2 )- Since the map ip is right multiplication with 
[—1,1], we have ip{Sn- 2 ) = Sn -2 ■ [—1,1] and we are done. □ 

Remark 5.20. |NS89[ Remark 3.14]. Let n > 1. We describe a standard procedure 
which allows us to represent an arbitrary element in Sn{A) as a sum of generators 
[oi,..., a„]. Take an arbitrary cycle 

X = ^ ni{ai) e Zn{A^) 
i 

with Hi G Z[A*] and ai G GLn{A) and find a vector u G A" in general position 
with the column vectors of ai for all i. Then 

X = (-l)"d(x, v) = (-1)” ^ nid{ai,v). 

We have 

{ai,v) = ai ■ (ei, ...,e„,a“^u) = (at) ■ (ei, ...,e„,a“^u) mod SLn{A) 
where (a^) G Z[A*] denotes the determinant of a^. Hence, 

X = ^ni(ai) = {-lY'^n^{ai)\a-^v\. 
i i 

Proposition 5.21. The map 

Tn ■ Sn (A) —>■ (H) : [oi,..., a„] i-A [oi,..., a„] 

defines a map of 7j[A*]-algebras T : S{A) K^^(A) sending S{A) ■ [—1,1] to 
zero. In particular, it induces a map of left S(A)-modules 

S{A) ^ k^^{A). 

Proof. The map Sn{A) —5> [A) given by the formula in the proposition is 

a well-defined map of Z[Gl*]-modules in view of Propositions 15.71 and 14.191 In 
order to check multiplicativity of this map, take x = ^ ^m(4l™) and 

y = J2j € Zn{A^) with mi,nj G Z[H*] and ai G GLmiA) and G GLn{A). 

Choose vectors v G (and w G H") which are in general position with respect to 
ai (and fij respectively). Then {v,w) G is in general position with respect 

to the frames ai (B fj = ^ °o p. ^ . By Remark [5.201 we have in S{A) 

X - y = '^miUjiai ©/3j) = '^minj{ai ©/3j)[a“^u, 
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whereas 

X = '^mi{ai) = y^mi{ai)[a~^v\ 
i i 

y = = Y1 ^3 Wj ) [/37 ^ w]. 

j j 

This proves multiplicativity. Since [—1,1] = 0 S , we are done. □ 

Lemma 5.22. For arbitrary ai, ■.■,an G A*, the following formula holds in Sn{A) 

[ai]---[an]= ^ (-1)'=/j^Oi \ 

l< 2 i <n \s=l / 

where the summand [oi,..., 1,..., 1,..., a„], corresponding to the index (ii,..., ik), 
is obtained from [ai,a„] by replacing ai^ with 1 for s = 1, k. 

Proof. We have [a] = d(ei,aei) = (aei) — (ei). Hence, 


[oi] • • • [Oji] — i^i)) 

~ Sl<U< '<ifc<n(~^) (ei, • • ■ , Clii 6*11.! 6ifc J Cri) 

The vector n = oiCi + ■ • • + o„e„ is in general position with respect to this cycle. 
Hence, 


where is the matrix 

— (,^11 ■ • • : ■) .; ^ik ^iki — i ^n') ^ GLn (-^) ■ 

Since v = • (oi,..., 1,..., 1,...., a„)'^ and det • • 

done. 


we are 
□ 


Lemma 5.23. For A G H* such that X ^ 1, the element 

s(A) = 1 - (1 - A) - (A) G Z[A*] 
acts as a unit on the A*-module F[ 2 {SL 2 {A)). 


Proof. The proof is essentially contained in |Maz051 §2]. Let (ai,...,ar) be a se¬ 
quence of units ai G A*. Then a sequence (ui,..., Ur) of vectors Vi G H" is in general 
position if and only if the sequence (oiUi, ...,arVr) is in general position. For r > 1 
we can therefore define the set ^Ur{A) as the quotient of the set Ur (A) by the 
equivalence relation {vi,...,Vr) (aiVi,..., arVr). We define the complex P(7(H") 

by 

PCr(A^) = Z[PUr+l(A^)J 


for r > 0 and PCr{A^) = 0 for r < 0 (note the shift in degree compared to C'r.(H”)). 
The differential PCr{A^) PCr-i{A'^) is given by the same formula as for Cr{A"'). 
The action of GLn{A) on H" makes the complex PC{A'^) into a complex of G'L„(H)- 
modules. The unique map PC/i pt defines a map of complexes PC'(H”) Z of 
G'L„(H)-modules where pt is the one-element set. The proof of Lemma TS.fil shows 
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that this map of complexes induces an isomorphism on homology. Hence, for n > 1 
the homology of 

(5.12) Z ®SL„ PC(v4") ~ Z[H*] ®gl„ PCCA") 

computes the homology of SLn{A). Let C PC'(H”) be the subcomplex 

with ¥C<r{A^)i = for i < r and zero otherwise. This defines a filtration 

on (15.121) by the complexes Z[A*] PC<r(^”) of Z[H*]-modules and thus a 

spectral sequence of Z[H*]-modules 

Elg{A^) = Hp{Z[A*] ®GL„ PC',(^")) ^ Hj,+g{SLr,{A)) 

with differentials (T of bidegree (r — 1, —r). For 1 < g < n, the group SLn{A) acts 
transitively on the set with stabilizer at {cn-q+i, ■■■, e„) the group 

PAff“_,(H) = 

{(n d)I ^ ^GLn-q(A), D€Tq(A),N€Mq^n-q(A), detMdetD = l} 

where (A*)'^ = Tq(A) C GLq(A) is the subgroup of diagonal matrices. By [Hut90l 
Lemma 9] (whose proof works for local rings with infinite residue field), the inclusion 
of groups 

{(f j^)l M eGL„_q(A), DeTq(A), detMdetld = 1} c PAff“_,(H) 

induces an isomorphism on integral homology groups. For n = 2 and q = 1,2, the 
left hand side is A* and thus, its homology has trivial A*-action. Thus, A* acts 
trivially on for g < 1. It follows that A* acts trivially on E^^(A^) for 

g < 1. In particular, the element s(A) acts as —1, hence as a unit on E^^{A‘^) for 
g < 1. To finish the proof of the lemma, it suffices to show that s(A) acts as a unit 
on the cokernel of the Z[A*]-module map 

(5.13) A : E^^^.iA^) ^ El,iA^). 

As a GL2{A)-set we have 

P[73(A^) = GL2{A)/D2{A) ■ (ei, 62 , Cl + 62 ) 

where 112 (A) = A* • 1 is the group of invertible scalar matrices. It follows that we 
have isomorphisms of A*-modules 

El^iA^) = Z[A*] ZlFUsiA^)] ^ Z[A*] Z ^ Z[A*IA^*] 

where I G Z[A*/A^*] corresponds to I ( 8 ) (ei, 62 , ei + 62 ) G Z[A*] ®gl 2 Z[PI/ 3 (A^)]. 
As a GL2{A)-sei we have 

FUn{A^) = I_I G'L2(A)/Zl2(A) • (ei, 62,61 + 62,aei + 662). 

a,&GA*, a^b 
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The map (I5.13p sends the element (ei, 62 , ei + 62 , aei + 662 ) to the following element 
in 


/01a'\ _ / lla\_i_/10a'\ _ 

\1 1 b ) \0 1 b ) ^ \ 0 1 b ) \0 1 IJ 

= (-1) (-,■;)(?! s)(j!;) + (sss)-(J!{) 

— /_! \ n 0 b-a \ 1 0 a-b\ _i_(' 10 a\ 7101 'i 

loib/”'"Voibl Voill 

= {{-{b - a)a) - {[a - b)b) + (ab) - (1)) • (ei, 62 , ei + 62 ). 

It follows that the cokernel of the map (|5.13p is the quotient of 1\A* modulo 
the A*-submodule generated by ((a — 6 )a) — ((a — 6 ) 6 ) + (a&) — (1) whenever a, 6 G A* 
with a ^b. Setting a = 1 and 6 = A, we see that s(A) = — (A(l — A)) acts invertibly 
on the cokernel of (I5.13P . □ 

The following proposition shows that the Steinberg relation holds in a~^S 2 {A). 

Proposition 5.24. Let 2 < uq and let a G Z[A*] as in {*). Then for any A G A* 
such that X ^ 1 we have in the A*-module a~^S 2 {A) the following equality 

[A][1-A] = ((A))((1-A)).[-1,1]. 

Proof. By Lemma [5.221 we have 

[A][l — A] = [A, 1 — A] — (1 — A) [A, 1] — (A)[l, 1 — A] + (A(l — A))[l, 1]. 

Recall from Proposition 15.71 that for a, P,s,t G A* with d ^ /3 we have 

(5.14) [as,/3t] - [s,t] = {t)[ia - /3)s,/3] - (-s)[(/3 - a)t,a\. 

Setting a = 1 — 6 A“^, /3 = 1, s = aA, t = b (where A 7 ^ 6 ) in (I5.14p . we obtain 

(5.15) [oA — a 6 , 6 ] — [aA, 6 ] = ( 6 )[—a 6 ,1] — (—aA)[ 6 ^A“^, 1 — 6 A“^]. 

Setting a = X, fi = b, s = a and t = 1 (where A 7 ^ 6 ) in (15.141) . we obtain 

(5.16) [aA, 6 ] — [a, 1[ = [aA — ab, 6 ] — (—a )[6 — A, A]. 

Adding equations (15.1511 and (15.1611 . cancelling common summands and multiplying 
with (—a“^) we obtain 

(5.17) (—a“^ 6 )[—a 6 ,1] + (—a“^)[a, 1[ = (A)[ 6 ^A“^, 1 — 6 A“^] + [6 — A, A]. 

for any a, 6 , A G A* with A 7 ^ 6 . Note that the right hand side of (15.1711 is indepen¬ 
dent of a G A*. Hence, so is the left hand side and thus it equals its evaluation at 
a = — 1 , that is, we have 

{-a~^b)[-ab, 1 ] (-a“^)[a, 1 [ = ( 6 )[ 6 , 1 [ -k [- 1 , 1 ]. 

Therefore, 

(5.18) [- 06 ,1] = -( 6 "^)[a, 1] -k (-a)[ 6 ,1] -k {-a 6 "i)[-l, 1], 

for any a, 6 G A* (as we can always choose a A G A* with A 7 ^ 6 ). Replacing 6 with 
—6 in equation (15.171) we see that the expression (a“^ 6 )[a 6 ,1[ -k (—a“^)[a, 1] does 
not depend on a. In particular, it equals its evaluation at a = 1 , and we have 

(a"^ 6 )[a 6 , 1 ] -k (-a“^)[a, 1 ] = ( 6 )[ 6 , 1 ] -k {- 1 )[ 1 , 1 ], 
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that is, 


(5.19) 


[ab,l] = -{-b ^)[a, 1 ] + (a)[ 6 , 1 ] + {-a 6 ^)[ 1 , 1 ]. 


For 6=1 this yields 


(5.20) 


[a, 1 ] = -(-l)[a, 1 ] + (a)[l, 1 ] + (-a)[l, 1 ]. 


Setting s = a, a = X, t = /3=l (where A 7 ^ 1) in (I5.14L we obtain 


[Aa, 1] - [a, 1] = [(A - l)a, 1] - (-a)[(l - A), A] 

that is, 


(5.21) 


(-a)[l - A, A] = [(A - l)a, 1] - [Aa, 1] + [a, 1]. 


Together with equations (15.181) and (15.191) this yields 


(-a)[l - A, A] 

= -((1 - A)-i)[a, 1] + (-«)[! - A, 1] + (-a(l - A)-i)[-l, 1] 

+ (-A"^)[a, 1] - (a)[A, 1] - (-aA"i)[l, 1] + [a, 1] 
(l-(A-i)-((l-A)-i)).[a,l] 

(15. 201 1 

+ (-a) . ([1 - A, 1] + ((1 - A)-i)[-l, 1] - (-1)[A, 1] + (-A-i)[l, 1]). 


It follows that the expression 


(l_((l_A)-i)-(A-i)).(-a-i)[a,l] 


does not depend on a. In particular. 


(5.22) {1 - ((1 - A)-i) - (A-i)} . {(-a-i)[a, 1] - [-1,1]} = 0 e S^^A). 


Since det[a, 1] = (—a), we have 

(-a“^)[a, 1] - [-1,1] e cr“^ ker(det : S 2 -t Z[A*]) = = H 2 {SL 2 A), 

where the equality a~^F 2 fi{A^) = H 2 {SL 2 A) follows from Lemma 15.191 

By Lemma [5.231 the first factor in (15.221) is invertible in F[ 2 {SL 2 A) as square 
units act trivially on that group. Hence, we have (—a“^)[a, 1] — [—1,1] = 0 G 5 ' 2 (A) 
for all a G A* and therefore. 


(5.23) 


[a, 1] = (a)[l,l] G cr ^S 2 {A). 


Setting s = t = a = l, I3 = X with A 7 ^ 1 in (15.141) yields 

[l,A]-[l,l] = [(l-A),A]-(-l)[A-l,l]. 


Putting this into (I5.2ip with a = 1 yields the equation in a ^ 5 ' 2 (A) 
(5.24) [1, A] = -(-1)[A, 1] + [1,1] + (-1)[1,1]. 
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Finally, putting a = — 1 in (15.211) and using (|5.24ll we find for A S with A ^ 1 
the equation in cr“^ 5 ' 2 (^) 

[1 ~ ~ 1] ~ (1 ~ ^)[lj + ((1 ~ 1] 

[l-A,l] + [-l,l]-[-A,l]-{A)[l-A,l] 

-(1 - A)(-(-l)[A, 1] + [1,1] + (-1)[1,1]) + ((1 - A)A)[1,1] 
(_1)(1_(A) + (A(1-A))-{1-A)).[1,1] 

(1-(A) + (A(1-A))-(1-A)).[-1,1] 

({A))((l-A)).[-l,l]. 

Replacing A with 1 — A yields the desired result. □ 

Lemma 5.25. Let 2 < n < ng and a G 'Z[A*] as in (*). Then the localization map 
induces an isomorphism 

Proof. Since ng > 2, the number t in (*) is even and cr = Sm,-t acts as 1 on 
kff^{A) for n > 2 since square units act as 1 on it (Lemma [4. 41 (151)1 and e(cr) = 1. 
Therefore, k^^[A] = a-^k^^{A). □ 

Corollary 5.26. Let 2 < n < no and a G Z[A*] as in (*). The following map is 
well-defined and an isomorphism A* -modules 

k^^{A) ^ a-^S 2 {A) : [a, 6 ] ^ [a] • [b]. 

The inverse isomorphism is the map T 2 : a~^S 2 {A) —)■ (A) = [A) 

from Provosition \5.21\ 

Proof. The map is well-defined, by Proposition 15.241 It is surjective, by Lemma 
15.121 It follows from the multiplicativity of the map in Proposition 15.211 that the 
composition k^'^{A) —)• a~^S 2 {A) —>• k^'^{A) is the identity. This proves the 
claim. □ 

We have proved the following presentation of H 2 {SL 2 A). Different presentations 
were given in [Mat691 Corollaire 5.11], [M 0068 I Theorem 9.2], [vdK771 Theorem 
3.4]. 

Theorem 5.27. Let A be a commutative local ring with infinite residue field. Let 
I[A*] C ZIA*] be the augmentation ideal, and write [a] for (a) — 1 S 7[7l*]. Then 
there is an isomorphism of A*-modules 

H 2 {SL 2 A,Z) ^ I[A*] I[A*]l{[a] (g) [1 - a]| a, 1 - a € A*}. 

Proof. Recall that the right hand side is k^^(A), by definition. The isomorphism 
in the theorem is the composition of isomorphisms 

H2{SL2A) ^ a-^FiA{A^) ^ <J~^S2 ^ k^^{A) 
from Lemma 15.191 and Corollary 15.261 □ 
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Remark 5.28. For any a,b € A* we have in a ^S' 2 (^) the following equality 
[a, b] = [a] • [b] + ((-a) + (a) - (a6))[-l, 1], 

This follows from the isomorphism 

(det,r2) : a-^S2{A) ^ a-^Z[A*] (B (A). 


5.4. Centrality of [—1,1] and Hn{SLnA, SLn-iA). 

In this subsection, A is a commutative local ring with infinite residue field. 

Definition 5 . 29 . For A S A* with A 7^ 1 , we define the element fx G ‘S^3(A) as 

^x = [ 1 , 1 -A,A]-[ 1 , 1 -A, 1 ] + [ 1 ,-A, 1 ] 

-[l-A,A,l] + [l-A,l,l]-[-A,l,l]. 

Note that det /3 a = 0, by Remark ICTl 

Lemma 5 . 30 . For all a,\ G A* such that X 1 we have in S^^A) the equality 
[-1,1] • [a] - [a] ■ [-1,1] = ((a)) • / 3 a. 

Moreover, / 3 a = / 3 ^ for all X,fiGA* with X,flf^ 1 . 

Proof. Let u be the element u = d{e2, 63, 63 — 62) G ^2(^62 + ^63). We have 
[-1,1] • [a] - [a] • [-1,1] 

= (f(ei, 62, 62 - 61) • (063 - 63) - (aei - ei) • d(62,63, 63 - 62) 

= u ■ (aei — 61) — (a6i — ei) ■ u 
= {(ei) -u-u - (61)} - {(aei) -u-u - (aei)} 

= ((a)){a • (ei) - (ei) • uj. 

We need to show that / 3 a = w • (ei) — (ei) • u. Note that the right hand side is 

independent of A. The vector v = ( 1 , —A, 1 )^ is in general position with respect to 

the vectors 61,62,63,63 — 62 occuring in M(ei) — (ei)ri. Therefore, we obtain the 
equality a(ei) — (ei)a = d{{ei,u,v) — {u,ei,v)}. In C4^{A^)/SLz{A) we have 

{ei,u,v) = (61,63,63 - 62, r;) - (61,62,63 - 62, n) + (61,62,63,1;) 

= (ei, 62, 63, -Ul) - (ei, 62, 63, V 2 ) + (ci, 62, 63, -^3) 

where vi = (1,1 — A, A)^, V 2 = (1,1 — A, 1)^ and V 3 = v since matrix multiplication 
with (61,63,63 - 62), (61,62,63 - 62) e SLsi^A) yields v = (61,63,63 - 62)03 = 
(ei, 62,63 — 62)^2. Similarly, we have in Ca{A^)/SL^{A) 

{u,ei,v) = (63,63 - 62,61, r;) - (62,63 - 62,61,1;) + (62,63,61,1;) 

= (ei, 62, 63, V4) — (ei, 62, 63, vf) + (ei, 62, 63, Vq) 

where i;4 = (1 — A, A, 1 )^, 115 = (1 — A, 1 , 1 )^ and vq = (—A, 1 , 1 )^ since matrix 

multiplication with (63,63 — 62, ei), (62,63 — 62, Ci), (62,63, ei) € SL3{A) yields v = 
(63, 63 — 62, 6i)i; 4 = (62,63 — 62, 6i)i;5 = (62,63, 6i)i;6. The result follows. □ 
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In view of the independence of A we will write /3 for /3 a- Write S'°(4l) for the 
kernel of the determinant map det : Sn{A) Z[A*]. 

Lemma 5.31. Let no > 3 and a € Z[yl*] as in {*). Then 

13 G a-^SiiA) ■ S^(A) c fT-i 53 (Al). 

Proof. To simplify notation I will write Sn for a~^Sn{A). From the definition of /3 
and Lemma 15.131 (H)) we have in S 3 modulo S 2 [A] + SiS 2 the equality 

f3 = {({1 - A)A) - (1 - A) + {-A) - ((1 - A)A) + (1 - A) - (-A)} • [1,1,1] = 0. 

Therefore, /3 G S' 2 [A] + SiS 2 . By Remark 15.281 we have S 2 = Z[A*] • [—1,1] + 
S'lS'i, and hence, j 3 G Z[A*] • [—1,1][A] + 5152- Since det[—1,1] = 1, we have the 
decomposition S '2 = + I\A*] ■ [—1,1], and thus, [3 = r ■ [—1,1][A] + c • [—1,1] 

modulo S'iS '2 for some r G Z[A*] and c G Si (depending on A). Since det,5 = 0 
we can compare determinants and use det(S'iS' 2 ) = det(S'i) det(S' 2 ) = 0 to find 
c = —'r[A]. Hence, for all X G A* with A 1 there is r G Z[H*] such that 

(5.25) (3 = r ■ ((A)) • /3 mod SiS^- 

Since det/3 = 0, we have /3 G S '3 = a~^F 2 ^i{A^) = H 3 {SL 3 A, SL 2 A). Since square 
units act trivially on H 2 {SL 2 A) and cube units act trivially on H 3 {SL 3 A), the 
exact sequence 

H 3 (^SL 3 A) —^ H 3 (^SL 3 A, SL 2 A) —y H 2 {SL 2 A) 

implies that for all a, 6 G A* we have ((a^))(( 6 ^)) ■ Hs^SLsA, SL 2 A) = 0. In 
particular, ((a^))((5^)) • /3 = 0. Now choose a,b G A* such that a?,b^ ^ 1. This is 
possible since A has infinite residue field. From (I5.25|) we infer that 

/3 = rir 2 ((a^))(( 6 ^)) •/3 = 0 mod S'iS' 2 . 

Hence, /3 G S 1 S 2 . □ 

Lemma 5.32. Let rig > 3 and a G Z[H*] as in {*). Then 

p G <7-^F3 ,o{A^). 

Proof. To simplify, write F),,g, ^p,q their localizations at a. 

Since det/3 = 0, we have f3 G ker(det) = Fi_ 2 (Al^) = F 2 ^i{A^). So, we have to show 
that (3 is sent to zero under the map (when n = 3) 

(5.26) F„_i,i(A1-) ^ C 

which is well-defined for n < hq., hy Lemma 13.41 and Proposition 13.51 By Lemma 
mm, this is also the map > E^_i i{A^). For n = I, this map is the 

map /[A*] Z[A*] : [a] i-A ((a)). Taking the direct sum over n, the map (|5.26|) is 

part of a S(H)-bimodule map 

^ Fn-i,i{A ")^ £’,)_! i(H"') = ^ cr ^ Tor)('^'‘(Z[H*], C'i(H”)[l]), 

0<n<no 0<n<no 0<n<no 

by Subsection 15.II Consider the embedding 

(0 gl^a) ■ ^ ^ (0 m ) 


GLn-l{A) —>■ 










42 


MARCO SCHLICHTING 


of GLn-i{A) into the stabilizer at ei of the GLn(A)-action on Ui{A'^). By Theorem 
12.41 the inclusion induces an isomorphism 

0 u-iTor“r^(Z[^1,Z)^ 0 ^-'Tor«^"(Z[A*],Gi(A")[l]) 

0<n<no 0<n<no 

of A*-modules. This map is also a map of right S(A)-modules. The composition 
of the S(A)-bimodule map and the inverse of the right 6(Al)-module map defines a 
right B(A)-module map 

® ® ^’ra-i,i(^")-> 0 cr ^ Tor^fp^(Z[A*],Z). 

0<n<no 0<n<no 0<n<no 

We have to show that 53(/3) = 0 . 

I claim that the following diagram commutes (all localized at a): 

( 5 . 27 ) SiS° ^^ J^2.i ^ S3 Ki^^{A) 

’ 

V 

F2,i H2{SL2A) C-^ ^2 K^^{A) 

To see this, note that the A*-module 5'i5'2 is generated by products [a] • 7 where 
a & A* and 7 G We have 5 '° = ^2(^)5 and thus, 7 G B2{A). Since ^ is a right 
6(Gl)-module morphism and T is a map of rings, we have 

T2(53([a] • 7) = T2(^i([a]) • 7) = T2(((a)) • 7) = {{a))T2{'y) 
since 5 i([a]) = ((a)) as shown above. On the other hand 

V ■ '73([a] ■l)=V 7 ’i([a]) ■ ^2(7) = r? • [a] • T2{'y) = {{a))T2{'y). 

So, the diagram does indeed commute. 

Since [ 1 ] = 0 G K^^{A) and T is multiplicative, the definition of /3 yields 
TsiP) = 0 . By commutativity of diagram ( 15 . 271 ) . we have T2S3{/3) = 0 . By (the 
proof of) Theorem 15.271 the map T2 : H2{SL2A) (A) is an isomorphism. 

Hence, 53(/3) = 0 . □ 

Lemma 5.33. Let uq > 3 and a G Z[H*] as in {*). 

( 1 ) A^* acts trivially on cr“^S'i(H)S'2(2l). 

( 2 ) A* acts trivially on F3 o(^) D ct“^S'i(H)S'2 (H). 

In particular, for all a G A*, we have 

((a)) ■/3 = 0 Ga-^S3(A). 

Proof. Since square units act trivially on fT“^S'2 = H2{SL2A), this shows part ([T]). 
The group of cube units A^* acts trivially on tT“^T3^o(^^) as this group is a quotient 
of H3(SL3A). Hence, if 7 G F3_o(^) ncr”^S'i(H)S'2 (H), then (0^)7 = 7 = (0^)7 and 
thus, (0)7 = 7. This proves part (H)). 

By Lemmas 15.311 and 15.321 we have (3 G F3^o(^) H cr“^S'i(H)S'2 (2I). Hence, for 
all a G H*, we have (a) (3 = / 3 , that is, ((a)) • /3 = 0 . □ 

Proposition 5.34. Let no > 3 and a G 'L\A*\ as in (*). Then for all a G A*, we 
have in ct“^ 5 ' 3 (H) the equality 

[«] • [-!>!] = [-1.1] • M- 


Proof. This follows from Lemmas 15.301 and 15.331 


□ 
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For a graded ring R = ®„>o Rn, denote by R<n the quotient ring which is Ri 
in degrees i < n and 0 otherwise. 

Corollary 5.35. Let no > n > 3 and a G Z[yl*] as in (*). Then the element [—1,1] 
is central in S<n{A). In particular, 

a-^S<n = a-^S<r,{A)/S<n-2{A)[-l,l] 

is a quotient algebra of a~^S{A). 

Proof. Centrality follows from Proposition 15.341 in view of Proposition 15.141 and 
Lemma [5.121 The claim follows. □ 

Proposition 5.36. Let 2 < n < uq and a G Z[yl*] as in (=i!). Then the following 
map is a well-defined isomorphism A* -algebras 

k^^{A) ^ a-^S<^{A) : [a,b] ^ [a] • [b]. 

with inverse the map T<n ■ S<n{A) a~^K^^{A) from Provosition \5.21\ 

Proof. The map is well-defined, by Proposition 15.241 It is surjective, by Lemma 
15.121 and Proposition 15.141 It follows from the multiplicativity of the map T that 
the composition {A) —>• a~^S<n{A) —>■ {A) is the identity. This 

proves the claim. □ 

The following proves Theorem ll.5l in view of Theorem l4.181 Recall our convention 
for SLo{A) from the Introduction so that Ht,{SLnA) = Ht,{GLnA, Z[A*]) for n > 0. 
We set SLn{A) = GLn{A) = 0 for n < 0. 

Theorem 5.37. Let A be a commutative local ring with infinite residue field. 

(1) Then Hi[SLn{A), SLn-i{A)) = 0 for i < n and the maps in Proposition 
\5.21\ and Lemma \5.19\ induce isomorphisms of A*-modules for n > 0 

H^{SLr,{A),SLr,-M)) = k^'^iA). 

(2) If n is even, then the natural map 

Hr,{SL„iA)) ^ H„{SL„iA),SL„-i{A)) 
is surjective and inclusion SLn-iA C SLnA induces an isomorphism 
Hr,-liSLr,-lA) ^ 

Proof. For i < n, the vanishing of homology follows from Theorem l3.9l as sr(A) = 1 
and Er,{A) = SLr,{A). 

The statement of the theorem is clear for n < 1. So, assume n > 2. For 
2 < n < no, the identification with Milnor-Witt iF-theory follows from Proposition 
15.361 together with Lemma [5. 191 

For the second part, assume n is even. We have maps of graded Z[A*]-algebras 
Tensz[A.] H2{SL2{A)) ^ B{A) = 0 ^ S{A) ^ k^^{A) 

n>0 

where H 2 {SL 2 {A)) is placed in degree 2 and Hq{SLqA) = Z[A*], by our convention 
for SLq{A). The composition is an isomorphism in degrees 0 and 2. Since the target 
ring k^^ (A) is generated in degree 1, its even part is generated in degree 2, and 
the composition is surjective in even degrees. The claim follows. □ 
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Theorem 5.38. Let A be a commutative local ring with infinite residue field. Then, 
for i > 0, the natural homomorphism 

TTiBGLi^{A) 

is an isomorphism for n > i + 2 and surjective for n > i + 1. Moreover, for n > 2 
there is an exact sequence 

7 Tr,BGL+_,{A) ^ TTr^BGLtiA) ^ K^^iA) ^ 7 r„_ii?GL+_i(A) ^ TT^_,BGL+iA). 
Proof. The theorem follows from Theorem 15.371 in view of Theorem 13.111 □ 

5.5. Prestability. 

In this subsection, A is a commutative local ring with infinite residue field. 

This subsection is devoted to an explicit computation of the kernel and cokernel 
of the stabilization map in homology at the edge of stabilization as was done in 
[HTlOj for characteristic zero fields. 

Assume that A is a local ring for which the Milnor conjecture on bilinear forms 
holds, that is, the ring homomorphism defined by Milnor [Mil70] is an isomorphism 

(5.28) K^\A)/2^^r{A)/r+\A) 

n>0 

where I (A) C W{A) is the fundamental ideal in the Witt ring of A. By the work of 
Voevodsky and collaborators |OVV07) and its extension by Kerz |Ker091 Theorem 
7.10], the map (15.281) is an isomorphism if A is local and contains an infinite field of 
characteristic not 2. The map is also an isomorphism for any henselian local ring 
A with i G A as both sides agree with their value at the residue field of A. Using 
the isomorphism (15.281) we obtain a commutative diagram 

(5.29) Kff^{A)— —^/"(A) 


KffiiA) - ^Kffi{A)f 2 . 

In the following theorem we will assume this diagram to be cartesian. By [Mor04j , 
this is the case for fields whose characteristic is different from 2. This was gener¬ 
alized in |GSZ15] to commutative local rings containing an infinite field of charac¬ 
teristic different from 2. So, our theorem holds in this case. 

Theorem 5.39. Let A he a commutative local ring with infinite residue field. As¬ 
sume that the map US. 281) is an isomorphism and that the diagram i5.29\} is cartesian 
for all n > 0. Then for n > 3 odd we have exact sequences 

Hn{SLn-iA) —>■ Hn{SLnA) —>■ 2K^{A) —^ 0, 

0 —^ I^{A) —>■ Hn-l(SLn-lA) —>■ Hn-l{SLnA) —>■ 0. 

The proof requires the following lemma. 

Lemma 5.40. Let A be a local ring with infinite residue field for which i5.2S\} is an 
isomorphism and the square i f 5. ^,91) is cartesian for all n > 0. Then the following 
hold. 
































EULER CLASS GROUPS 


45 


(1) The following sequence is exact 

K^^{A) H K^^{A) ^ K^^{A) ^ K{A) ^0 

where hn and rjn are multiplication with h = 1 + (—1) and rj, respectively. 

(2) Torn > 3 odd, under the isomorphism of Theorem \5.37\ the boundary map 

dn ■ Hn{SLnA, SLn-lA) —^ Hn-l{SLn-lA, SLn-2A) 

of the triple (SLnA, SLn-iA, SLn- 2 A) is multiplieation with rj. 

(3) The following square is bicartesian for n > 3 odd 

Hn-l{SLn-lA) - 9 ^ Hn-l{SLnA) 


5L„_2A) -^ Hr,-l{SLr,A, SLr,-2A). 


Proof. The sequence in © is exact since it is isomorphic to the exact sequence 


(5.30) X,M r X 


( 1 . 0 ) 


rn—l 


^n-l 


rM 

^n-1 


in view of the cartesian square (15.291) . 

We prove ©. Under the isomorphism {A) = {A) for n > 2 proved 

in Theorem 14.181 multiplication by ry S (A) corresponds to the map 


Pn : K^f'^iA) ^ ^ ((a„))[ai,..., a„_i]. 

We will show that for all odd n > 1 the map in © is ? 7 „. This is clear for n = 1. 
The map 


(5.31) 


BiA) = 0 HUSLr^A) -> 0 K^f^iA) 

n>0 n>0 


is a Z[A*]-algebra homomorphism which is surjective in even degrees (Theorem 
I5.37p . Moreover, the maps in © assemble to a map of left B-modules 


d : 0 Hr^iSLr^A, SLr,-iA) ^ 0 H^{SLn{A), 5L„_iA) ^ k^^{A). 


n>0 


n>0 


For n > 3 odd and [ai,...,ari] € Hn{SLnA, SLn-iA) = k^^{A) choose a lift 
b G Bn-i{A) of [oi, ...,a„_i] for the map (15.311) . Then 

bdji ([ui) • ■ •) Un]) — b ‘ d\ ([Uyi]) — h • ((Un)) — ((^n)) [R1 ; ••••, Rn—l] • 

This proves ©• 

We prove ©. The horizontal maps in diagram © are surjective because we have 
Hn-i{SLnA, SLn-iA) = 0. The left vertical map is surjective, by Theorem 15.371 
It follows that the right vertical map is also surjective. The total complex of the 
square in © is part of a Mayer-Vietoris type long exact sequence with boundary 
map the composition 

HniSLnA, SLn—2A) —>■ Hn{SLnA, SLn — \A) -A Hn — l{SLn—lA). 

Thus, the square in © is bicartesian if and only if dnO-n = 0. From © and © 
we have Im(a„) = ker(? 7 „) = Im(ft,„). Hence, the square in © is bicartesian if and 
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only if = 0. For n = 3, the square in ([3]) is bicartesian since the vertical maps 
are isomorphisms. In particular, Sshs = 0. Now, the map 

H^{SL^iA),SL^-iA) ^ 0 HniSLnA) 

n>0 n>0 


is a left S(A)-module map. Take [ai,...,a„] S K^'^{A) = HniSL^A, SLn-iA) 
where n > 5 is odd. Then the element [oi,..., a„_ 3 ] G (A) lifts to & G Bn-a^A) 

and 

* [ui, ..., Uyi]) — b • ^n — 1^ — 6*0 — 0 


□ 


Proof of Theorem 1 5. 3!A From Lemma 15.401 we have (using the notation of that 
lemma) 

ker(i?„_i(5'L„_iA) = Im(5„) = Im(7?„) = J”(A) 

and 

cokev{Hn{SLn-iA) Hn{SLnA)) = ker(3„) = ker(77„) = Im(h„) = 2K^{A) 

where the last equality follows because of the exact sequence of Lemma 15.401 ([T]) 
being isomorphic to (15.301) . □ 


6 . Euler class groups 

Let X be a separated noetherian scheme, and denote by Open^ the category 
of Zariski open subsets of X and inclusions thereof as morphisms. For a simplicial 
presheaf F : Open((^ sSets on the small Zariski site of X, we denote by 

[X,F]zar=MFzar{X)) 

the set of maps from X to E in the homotopy category of simplicial presheaves 
on X for the Zariski-topology |BG73) . This is the set of path components of the 
simplicial set Fzar{X) where F Fzar is a map of simplicial presheaves which 
induces a weak equivalence of simplicial sets F^ —>■ {Fzar)x on all stalks, x G X, and 
Fzar is object-wise weakly equivalent to its fibrant model in the Zariski topology 
[BG73] . The latter means that Fzar{^) is contractible and Fzar sends a square 

C/UE ^ U 

(6.1) t t 

V <- unv 

of inclusions of open subsets of X to a homotopy cartesian square of simplicial sets; 
see [BG731 Theorem 4]. 

Example 6.1. For the presheaf BGLn defined by 17 M- BGLn{T{U,Ox)) write 
BzarGLn for {BGLn)zar- Then BzarGLn{X) is a (functorial) model of the clas¬ 
sifying space BXectn{X) of the category Vect„(X) of rank n-vector bundles on X 
with isomorphisms as morphisms. For the inclusion of the automorphisms of Ox 
into Vect„(X) induces a map of simplicial presheaves BGLn —>■ B Vect„ which is a 
weak equivalence at the stalks of X as vector bundles over local rings are free. More¬ 
over, BzarGLn = BYectn sends the squares (lOI) to homotopy cartesian squares, 
by an application of Quillen’s Theorem B |Qui73|, for instance. Hence, 


$„(X) = [X,BGLn]zar 
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is the set tto-B Vectn(^) of isomorphism classes of rank n vector bundles on X. 

Example 6.2. Similar to Example 16.11 the simplicial presheaf BSL^ defined by 
U i-A BSLn(r{U, Ox)) has a model BzarSLn where BzarSLn{X) is the classifying 
space BXeci1^{X) of the category Vect^(X) of oriented rank n-vector bundles on 
X with isomorphisms as morphisms. Here, an oriented vector bundle of rank n 
is a pair {V,ui) consisting of a vector bundle V of rank n and an isomorphism 
uj : X^V = Ox of line bundles called orientation. Morphisms of oriented vector 
bundles are isomorphisms of vector bundles preserving the orientation. So, the set 

$+(X) = [X,BSLr,]zar 

is the set ttoH Vect^(X) of isomorphism classes of rank n oriented vector bundles 
on X. 

Example 6.3. Let n > 2 be an integer, and let F be a pointed simplicial presheaf 
such that TTi{Fx) = 0 for i 7 ^ n and x G X where denotes the stalk of F at 
X G X. Then there is a natural bijection of pointed sets 

[X,F]zar=H^ar{X,nr,F) 

where the right hand side denotes Zariski cohomology of X with coefficients in the 
sheaf of abelian groups 7 f„F associated with the presheaf U i-A nn{F{U)) |BG731 
Propositions 2 and 3]. 

Denote by J^n{SLn, SLn-i) the Zariski sheaf associated to the presheaf 

u ^ iL„(FL„(r(c/, Ox)), 5in-i(r(c/, Ox))). 

Similarly, denote by the sheaf associated to the presheaf U {T{U, Ox))- 

Lemma 6.4. Let X be a scheme with infinite residue fields. Then for n > 2 there 
is an isomorphism of sheaves of abelian groups on X 

! Q T C T \ ~ y'MW 

Proof. Let A be a commutative ring. Recall from H5.ll the graded Z[A*]-algebra 
5'(A) = 0„>o5'„(A). It has S'o(A) = Z[A*J and Si(A) = I[A*]. Denote by .5^ 
the sheaf of graded algebras associated with the presheaf U n- S'(r(C/, Ox))- Let 
2 < n < no and a G Z[A*j as in (*). By Corollarv l5.351 the element [—1,1] € J^ 2 (X) 
is central in a~^,^<n(X), and we can define the quotient sheaf of algebras 

The map of graded algebras Tenszi^.j I[A*] S{A) induced by the identity in de¬ 
grees 0 and 1 induces the homomorphism of sheaves of algebras —>■ 

by Proposition 15.241 Together with the map (15.111) . which is defined even when A 
is not local, we obtain the diagram of sheaves 

in which the maps are isomorphisms, by Lemma 15.191 and Proposition 15.361 Since 
no > 2 can be any integer, we have 

. 3 ^ f Q T Q T ^ ~ i^MW 
^Ti’) ^ ^n—l) — 

for all n > 2. Finally, by Theorem 14.181 the natural surjection of sheaves of graded 
algebras X^'^ — X^^ : [a] i-A- [a] is an isomorphism in degrees > 2 . □ 
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For a commutative ring R, we denote by Ai? the standard simplicial ring 
n i-A A„ii = R[Tq, Tji]/(—1 + To + ■ • • + Tn). 

For an integer n > 0, let En{R) be the maximal perfect subgroup of the kernel of 
GLn{R) —>■ nQGLn{/^R)- Note that En{R) is in fact a subgroup of SLn{R) since 
it maps to zero in the commutative group GLn{R)/SLn{R) = R*. 


Lemma 6.5. Let X = Speci?, and x G X. Let n > 1 he an integer. If n ^ 2 or 
n = 2 and the residue field k{x) of x has more than 3 elements, then the inclusion 
En C SLn of presheaves induces an isomorphism on stalks at x 

(S„), ^ SL^{Ox,x). 


Proof. The statement is trivial for n = 1. So we assume n > 2. Every elementary 
matrix eij{r) G GLn{R), r G i?, is the evaluation at T = 1 of the elementary 
matrix eij{Tr) G GL„(i?[r]) whereas the evaluation at T = 0 yields 1. Therefore, 
on fundamental groups the natural map BGLn{R) BGLn{AR) sends En{R) to 

1 . 


If n > 3, the group En{R) is perfect. If n = 2, our hypothesis implies that there 
is / G i? such that 0 ^ / G k{x) and Rf has a unit u such that u + 1 and u — 1 
are also units. Replacing R with Rf, we can assume that R and any localization 
A of i? has this property. For such rings A the group E 2 {A) is perfect since for all 
o G A we have 


C u 0 

u 




and (“ ^- 1 ) is a product of elementary matrices. 

In any case, we can assume En{A) perfect and contained in En{A) for all lo¬ 
calizations A of R. From the inclusions En{A) C En{A) C SLn{A) we obtain the 
inclusions of corresponding stalks {En)^ C {En)x C {SLn)x = SLn{Ox,x)- Since 
the composition is an isomorphism, the lemma follows. □ 


We will write BGLf^{R) and BSLf^{R) for a functorial version of Quillen’s 
plus-construction applied to BGLn{R) and BSLn{R) with respect to the per¬ 
fect normal subgroup En{R). See [BK72I VII §6] for how to make the plus- 
construction functorial. The canonical inclusion GLn-i{R) C GLn{R) induces 
maps BGL^_^ BGLf^ and BSL^. 

Recall from |May67| §8] that for every integer n > 0 there is an endofunctor 
P<n : sSets —>■ sSets of the category of simplicial sets together with natural trans¬ 
formations S —>■ P<nS such that for every choice of base point x G S'o, the map 
TTi^S, x) Tri{P<nS, x) is an isomorphism for i < n and 7ri(P<„S', a:) = 0 for i > n. 
Moreover, the map S —>■ P<nS factors naturally as S' —>■ P<„+iS —>■ P<„S. If F 
is a simplicial presheaf then P<nF denotes the presheaf U P<n{F{U)). For a 
pointed simplicial presheaf F we denote by itiF the Zariski sheaf associated with 
the presheaf U >->■ Tri{F{U),Xo) where Xq is the base point of F. We consider the 
quotient B/A of an inclusion of simplicial sets A C B and P<n{B/A) pointed at 
{A}. 


Lemma 6.6. Let X be a scheme with infinite residue fields. Then for n >2 there 
are isomorphisms of Zariski sheaves on X 


n,P<n{BSLt/BSLt_,) 


0 i n 

i = n. 
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Proof. From the properties of P<n, the statement is clear for i > n. So, assume 
i < n. We have the following string of sheaves 

n,P<^{BSL+/BSL+_^) ^ n,iBSL+/BSL+_^) ^ 5L„_i) 

where the right arrow is the Hurewicz homomorphism which is an isomorphism for 
i < n, by Theorem 15.371 and the fact that BSL'fR/BSLlf_^R is simply connected 
for local rings R (with infinite residue field). Using Lemma |6.41 the claim follows. 

□ 


Corollary 6.7. Let X be a noetherian separated seheme with infinite residue fields. 
Then for n>2, there is a natural bijection of pointed sets 

[X,P<r.{BSLt/BSLt_,)]zar = (X,/Cf. 

Proof. This is Example I6.3I and Lemma I6.6I □ 

Definition 6.8. The Euler class map (for rank n oriented vector bundles) is the 
composition of maps of simplicial presheaves 

e : BSLt ^ BSLtlBSLt_, ^ P<n{BSLt/BSLt_,). 

By definition, it is trivial when restricted to BSLif_^. 

Let n > 2. In view of Corollary I6.71 applying the functor F i-A [X,F]zar to the 
sequence 

BSLt_, ^ BSLt 4 P<^{BSLt/BSLt_,) 

yields the sequence 

(6.2) [X, BSL+_,]zar [X, BSL+]zar ^ H^ar{X, ) ■ 


A sequence U oi sets with W pointed is called exact if every element 

of V which is sent to the base point in W comes from U. 

Theorem 6.9. Let n >2 be an integer and let X be a noetherian separated scheme 
with infinite residue fields. Assume that the dimension of X is at most n. Then 
the sequence of sets iTOJ is exact. 

Proof. This follows from obstruction theory |Morl21 Corollary B.IO] in view of 
Lemma 16.61 □ 

One would like to replace BSLf with BSLr for r = n — l,n in Theorem [Ql 
This motivates the following. 

Question 6.10. For which (affine) noetherian scheme X is the canonical map 

[X,BGL„]zar ^ [X,BGL+]zar 

a bijection? 

Unfortunately, we don’t know the answer to Question 16.101 lother than for n = 1 
or when X is affine and dimAi > n). Instead we will prove a weaker version in 
Corollary 16.161 below. This will be sufficient for our application. 
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Lemma 6.11. Let R be a commutative ring. If f,g G R with fR + gR = R, then 
the following diagram is homotopy cartesian 

BzarGLn{R) -^ BzarGLn{Rf) 


BzarGLn{Rg) -^ B ZarGLn{Rf g) ■ 

Proof. This follows from descent and can also be checked using Quillen’s Theorem 
B |Qui73| . □ 

For n € N, we write Yect^{R[Ti,..., r„]) for the full subcategory of the category 
Vect„(i7[T'i,T„]) of those projective modules P which are extended from R, that 
is, which are isomorphic to Q (Sir R[Ti, ...,Tn] for some Q G Vect„(i?). Write 
BzarGLn{R[Ti, ...,Tn]) for the classifying space (that is, nerve) of the category 
Vect^(i?[ri,...,T„]). 

Lemma 6.12. Let R he a commutative ring. If f,g G R with fR + gR = R, then 
for all integers g > 0 the following diagram is homotopy cartesian 

BLrGLn{R[Tu-iTg]) -- B^lGLMT,, ...,T,]) 


B^^^^GLMT,,..., Tg]) -- B^i<^GLniRfg[n,..., Tg]). 

Proof. By Quillen’s Patching Theorem |Qui76| Theorem 1’], a projective ..., Tg\- 
module P is extended from R if and only if Pf and Pg are extended from Rf and 
Rg. Hence, the lemma follows from Lemma [6 .11 1 with i?[Ti,..., Tg] in place of R. □ 

Write B§^^GLn{AR) for the diagonal of the simplicial space q i-A B§g^^GLn{AgR). 

Corollary 6.13. Let R be a commutative ring. If f,g G R with fR + gR = R, 
then the following diagram of simplicial sets is homotopy cartesian 

-- B^i^GLr^iARf) 


BzlrGLn{ARg) -- B^ilGLr.{ARfg). 

Proof. For g S N, the diagram is homotopy cartesian for Ag in place of A, in 
view of Lemma 16.121 The Corollary now follows from the Bousfield-Friedlander 
Theorem [BF781 Theorem B.4] which we can apply since the simplicial set q i-A 
TTQB§^^GLn{AgR) of connected components is a constant simplicial set for any 
R. □ 


Write B^^^GL^ the simplicial presheaf 

X ^ Bf„,GL„(Ai?), where R = F(X, Ox). 

Inclusion of its degree zero space into the simplicial space induces a map of simplicial 
presheaves BzarGL^ B^arGL^. 
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Theorem 6.14. Let X = Speci? where R is a noetherian ring. Then the natural 
maps of simplicial presheaves BGLn —>■ BzarGLn —>■ B^^^GL^ induce a hijection 

[X,BGL^]zar = [X,B'zarGL^]zar- 

Proof. This follows from Corollary 16.131 in view of Theorem IA.2I □ 

We can reformulate the theorem as follows. For a simplicial presheaf F defined 
on the category of schemes, we write Sing^ F for the simplicial presheaf X i-A 
{q i-A F{X X SpecAgZ)). The map of simplicial rings Z —)► A induces a natural 
map F —>• Sing^ F of simplicial presheaves. 

Theorem 6.15. Let X = Speci? where R is a noetherian ring. Then the natural 
map of simplicial presheaves BGLn —>■ Sing^ BGLn induces a hijection 

$„(A) = [X,BGLn]zar = [A, Sing^' BGLn]zar- 

Proof. This follows from Theorem l6.14l since the natural map of simplicial presheaves 
Sing'^ BGLn B'^^GLn is a weak equivalence at the local rings of A. □ 

By definition of the presheaf of perfect groups En, the canonical map of simplicial 
presheaves BGLn Sing'^ BGLn factors through BGLf. From Theorem 16.151 we 
therefore obtain the following. 

Corollary 6.16. Let X = Speci? be an affine noetherian scheme. Then the string 
of maps of simplicial presheaves BGLn —t BGLf —?> Sing'^ BGLn induces the 
sequence of maps 

[X,BGLn]zar ^ [A,BGL+]za. ^ [A, Sing^' BGLn]zar 
whose composition is a hijection. 

Definition 6.17. Let A be a scheme with infinite residue fields and V an oriented 
rank n vector bundle on A. The Euler class 

of V is the image of [14] G [X, BSLn]zar under the canonical map 
[X,BSLn]zar ^ [X,BSL+]zar 4 ii^,, (A, Af . 

By construction, we have e{W © Ox) = 0 for any rank n — 1 oriented vector bundle 

W. 

Theorem 6.18. Let R he a commutative noetherian ring of dimension n > 2. 
Assume that all its residue fields are infinite. Let P be an oriented rank n projective 
R-module. Then 

P - g © i? e(P) = 0 G 

Proof. We already know that e{Q © i?) = 0. So assume e{P) = 0. In view of 
Corollary 16.161 the maps of simplicial presheaves 

BSLr BSL+ BGL+ Sing'^' BGLr 









52 


MARCO SCHLICHTING 


induce a commutative diagram 

[X,BSL^_l]zar -- [X,BSL+_,]zar -- [X, BGK_^]zar 


[X,BSLr,]zar -^ [X,BSL+]zar -^ [X,BGL^]zar 

where the horizontal composition is the map which forgets the orientation. The 
commutativity of this diagram together with Theorem 16.91 and the hypothesis 
e{P) = 0 implies the result. □ 

Remark 6.19. Theorem 16.181 is a generalization of a theorem of Morel |Morl21 
Theorem 8.14] who proved it for X smooth affine over an infinite perfect field. To 
compare the two versions, note that instead of our Milnor-Witt iiT-theory sheaf, 
Morel uses the unramified Milnor-Witt iiT-theory sheaf. But for a smooth X over 
an infinite field of characteristic not 2, the canonical map from our Milnor-Witt 
if-sheaf to Morel’s Milnor-Witt if-sheaf is an isomorphism which follows from 
the exactness of the Gersten complex for Milnor-Witt if-theory of regular local 
rings containing an infinite field of characteristic not 2 [GSZ15) . Moreover, Morel 
uses Nisnevich cohomology instead of Zariski cohomology. Again because of the 
exactness of the Gersten complex for , the change of topology map is an 

isomorphism for X smooth over an infinite field of characteristic not 2: 

Remark 6.20. Let L be a line bundle on A = Spec R. Theorem l6.18l has an evident 
generalization to rank n vector bundles P with orientation w : = L in L. Equip 

jjn-i 0 ^ the canonical orientation 0 L) = 0 A}jL = L, 

and denote by SL^{R) the group of orientation perserving i?-linear automorphisms 
of © L. Then 

<S>^iX) = [X,BSL^]zar 

is the set of isomorphism classes of rank n vector bundles on X with orientation in 
L. Define the sheaf /C^^(L) on X as 

Its stalks are, of course, the usual Milnor-Witt AT-groups of the local rings of X. 
Replacing SL^ with SL^ everywhere, we obtain an Euler class map as in Definition 
16.81 and an Euler class e{P,L) G {L)) for projective modules P with 

orientation in L as in Definition 16.171 

With the definitions in Remark 16.201 we have the following theorem whose proof 
is mutatis mutandis the same as in the case L = R in Theorem 16.181 

Theorem 6.21. Let R be a commutative noetherian ring of dimension n > 2. 
Assume that all its residue fields are infinite. Let L be a line bundle on R. Let P 
be a rank n projective R-module with orientation in L. Then 

P - Q © i? ^ e(P, L) = 0 e H^zaAR, 

For a field k, denote by Jf{k) the Morel-Voevodsky unstable A^-homotopy cat¬ 
egory of smooth schemes over k [MV99) . Recall that <I>„(A) denotes the set of 
isomorphism classes of rank n vector bundles on the scheme X. The arguments in 
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the proof of Theorem 16.141 can be used to give a simple proof of a theorem of Morel 
[Morl21 Theorem 8.1 (3)]. Note that we do not need to exclude the case n = 2. 

Theorem 6.22 (Morel). Let k be an infinite perfect field. Then for any smooth 
affine k-scheme X, there is a natural bijection 

Proof. Let i? be a smooth fc-algebra. For each q > 0, the simplicial presheaf 

hdzarGLjiXq = PXQCtjiXq 

has the affine B.G.-property for the Zariski and the Nisnevich topology (see |MoiT2| 
for the definition), by descent, or an application of Quillen’s theorem B. 

By a result of Lindel [Lin82] , for any smooth fc-algebra R, extension by scalars 
induces a bijection 4)„(ii) = <i)„(i?[r]). In other words, the simplicial set of con¬ 
nected components q >-!> <i)„(Agi?) = TroBzarGLn{XqR) of the simplicial space 
q i-A BzarGLnAqR is Constant. In view of the Bousfield-Friedlander Theorem 
[BF781 Theorem B.4.], it follows that the diagonal Sing^ BzarGLn of the bisim- 
plicial presheaf q i-A BzarGLnAq has the affine B.G.-property for the Zariski and 
the Nisnevich topology. By construcion, the simplicial presheaf Sing^ BzarGLn is 
A^-invariant. We will show that the map of simplicial presheaves 

(6.3) Sing^' BzarGLr, ^ Lai Sing^' BzarGLr, 

is a weak equivalence on affine fc-schemes, by an application of |MorI21 Theorem 
A. 19]. We already know that the source of ()6.3I1 is A^-invariant, and satisfies the 
affine B.G.-property for the Zariski and the Nisnevich topology. Furtheremore, 
Sing^ GLn — rig Sing* BzarGLn has the affine B.G.-property for the Nisnevich 
topology because Sing* BzarGLn has. The ttq sheaf of Sing* BzarGLn is trivial 
in the Zariski topology because over a local ring every rank n vector bundle is 
trivial. Finally, the tti sheaf of Sing* BzarGLn in the Zariski topology is the 
TTg-sheaf of Sing* GLn which is the group of units (for integral schemes), hence 
strongly A^-invariant, since for a local ring R and n > I, we have SLnR — EnR. 
In view of |MorI21 Theorem A. 19], the map (16.31) is a weak equivalence on affine 
fc-schemes. 

*1 .. 

Now, the map BGLn —S' Sing BzarGLn is an A -weak equivalence, and, by 
Lindel’s theorem, we have <h„(i?) = TToBzarGLn{AR). This finishes the proof. □ 

Remark 6.23. Similar arguments apply to the symplectic groups Spn in place of 
GLn. 

Appendix A. The affine B.G. -property for the Zariski topology 

Definition A.l. Let A be a scheme and let F : Open^ — >■ sSets be a simplicial 
presheaf on X. We say that F has the affine B.G.-property for the Zariski topology 
if L(0) is contractible and for any affine U = Speci? S Open^ and f,g G R with 
(/) 9 ) = the following square of simplicial sets is homotopy cartesian 

(A.l) F{R) - ^F{Rf) 


F{Rq) - ^F{Rfq). 
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The aim of this appendix is to give a proof of the following result due to Marc 
Hoyois |Hoyl5| . Whereas Hoyois’ proof uses oo-categories, we give a proof in the 
framework of model categories based on standard manipulations of homotopy limits. 

Theorem A.2 (Hoyois). Let X be a noetherian scheme and let F : Open)|(’ —>■ sSets 
be a simplicial presheaf on X which has the affine B. G.-property. Then for all affine 
Y S Openjf, the following canonical map is a weak equivalence 

F(Y) ^ FzariY), 

where F —> Fzar is a fihrant replacement of F for the Zariski topology on X. 

The proof will occupy the rest of this appendix. We start by reviewing basic 
properties of homotopy limits |BK72] , |CS02] . 

Let / : C —>■ be a functor between small categories. For an object D of 
V, the category (/ f D) has objects pairs (C, a) where C is an object of C and 
a : f[C) ^ D is a map in V. A map (C, o) —>■ (C",o') in (/ j- F') is a map 
C —>■ C" in C which makes the induced triangle in F commute. Composition is 
composition of maps in C. There is a similar category (D \, f) whose objects are 
pairs (C, a : D — fC). When f = id : C ^ C is the identity functor, one writes 
(C I C) and {C | C) for {id f C) and (C f id). For a small category C, we denote 
by BC the classifying space of C, that is, the nerve simplicial set of C. 

Let F : C ^ sSets be a functor from a small category C to simplicial sets. Assume 
that F is object-wise fibrant, that is, FC is a fibrant simplicial set for all objects 
C of C. Then the homotopy limit of F over C is the simplicial set defined by the 
equalizer diagram 

holimr ^ n HomlHfC J, C). FjC)) Hom(H(C ^ C), F(C")) 

cec ^ 'y-.c^cec 

where a and b are induced by 

Hom(H(C ; C), F{C)) —^ Hom(H(C ; C), F{C')) 

Hom(H(C ; C"), F{C')) Hom(H(C I C),F{C')). 

If F is not object-wise fibrant, we define the homotopy limit of F over C as the 
homotopy limit of Ex°° F over C as above where F —)■ Ex°° F is Kan’s fibrant 
replacement functor in the category of simplicial sets. So, E —>• Ex°° F is an 
object-wise weak equivalence, that is, FC —>■ Ex°° FC is a weak equivalence for all 
C G C, and Ex°“ F is object-wise fibrant. 

The homotopy limit has the following useful properties. 

Functoriality. The homotopy limit holimc F is covariantly functorial in F and 
contravariantly functorial in C. More precisely, define a category [Cat, sSets] whose 
objects are pairs (C, F) where C is a small category and F : C ^ sSets is a functor. 
Given two objects {C,F) and {F,G) of [Cat, sSets], a morphism {C,F) —>■ (T>, G) 
in [Cat, sSets] is a pair {f,‘p) where / : C —>■ I? is a functor and ip : f*C —5> E a 
natural transformation. Composition is defined as ( 5 , 7 ) o (/, p) = {gf, tp o f*{'f)). 
The homotopy limit defines a functor 

(A.2) holim : [Cat, sSets]°^ —>■ sSets 
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which sends the map (/, (p) : (C, F) {V, G) in [Cat, sSets] to the map of simplicial 
sets 

(/, ip)* : holimx) G —^ holimc F 
which is the composition of the two maps |BK721 XI §3.2] 

holimx) G holimc f*G holimc F. 


Homotopy Lemma. Let F —>■ F' be a natural transformation of functors F, F' : 
C sSets such that for all C S C the map F(C) ^ F'(C') is a weak equivalence 
of simplicial sets, then the induced map on homotopy limits is a weak equivalence 
|BK721 XI §5.6]: 

holimc F holimc F'. 


Cofinality. A functor f : C ^ V between small categories is called left cofinal if 
for every D gV, the classifyting space of the category (/ f D) is contractible. 

Let f : C ^ V he a left cofinal functor. Then for every functor F : V ^ sSets, 
the induced map on homotopy limits is a weak equivalence [BK721 XI §9.2]: 

(/, 1)* : holimx) F —> holimc f*F. 


Fubini’s theorem. A functor 

(A.3) C [Cat, sSets]°P : G ^ {Vc, Fc) 

is given by the following data: 

• a functor F : C°p —>■ Cat : G Vc, 

• for every object C G C a functor Fc : Vc — t sSets, and 

• for every map 7 : Co —t Ci a natural transformation : VfFcg Fc^ 

such that (5i = id and for any two composable arrows 

7 o, 71 in C. 

To give such data is equivalent to giving a functor 
(A.4) F ■.C§V^ sSets 

where C §V = {C°p f V)°p is the opposite of the Grothendieck construction on the 
functor V : C°p Cat. In detail, C j> V is the category whose objects are pairs 
(C, x) where C is an object of C and x is an object of Fc- A map (Co, xq) —>■ (Gi,xi) 
inC j>V is given by a pair ( 7 , a) where 7 : Cq ^ Ci is a map in C and a : Xg ^ V^xi 
is a map in Fcq- Composition is defined by ( 71 , ai) o ( 70 , oo) = ( 7170 , F-yj,(ai) ooo). 
The functor (IA.4I) induced by the collection of data above sends (C, x) to Fc{x) 
and a map ( 7 , a) to ^^(xi) o Fcg{a). 

The composition of the functors (|A.2p and (|A.3p determine a functor 

C —sSets : C n- hoiimx^Vc Fc{x) 
which in turn defines a simplicial set 

holimcec holimj. evc Fc{x). 

On the other hand, the functor (IA.4I) also determines a simplicial set 


^oliin(^C,x)ecfvFc{x). 
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The Fubini Theorem for homotopy limits asserts that these two simplicial sets are 
naturally weakly equivalent [CS021 III Theorem 26.8 and III 31.5]: 

(A.5) holimcec holim^g-Dc Fc{x) ~ h.o\\m.^c,x)(^c § v Fc{.x). 

If V : C°P —?> Cat is a constant functor, that is, = id for all maps 7 in C, then 
C § V — C X V and Fubini’s Theorem reduces to a weak equivalence [BK721 XI 
Example 4.3] 

(A. 6 ) holimcec holimj;^!, Fc{x) ~ holim(c,x)eCxx> Fc{x). 


Homotopy pull-backs. A commutative square of simplicial sets 

A — 


y-^IF 

is homotopy cartesian if and only if the natural map, induced by the unique map 
from the index category to the final object in Cat, 

A —^ holim(y ^ Z), 

is a weak eauivalence of simolicial sets |BK721 XI Examole 4.1 (iv)]. 

Extended Punctoriality. Let (/g, (/i, (/^i) : {C,F) —>■ {V^G) be morphisms 

in [CatjSSets]. A natural transformation <5 : (/o,v?o) ^ (/ij^T’i) in [Cat,sSets] is a 
natural transformation of functors <5 : /g —>• /i such that oG(5) : f^G ^ F. 

If there is a natural transformation S : (/g, i^g) —>■ (/i, 1 ^ 1 ) of maps in [Cat, sSets] 
as above then the induced maps on homotopy limits 

(/o, T’o)*, ■ holimu G holimc F 

are homotopic. 

Proof. The Extended Functoriality is a consequence of Cofinality as follows. Denote 
by p : C X [1] —>■ C the projection. The two maps ■ (C, F) — >■ (T>, G) are the 

two compositions in a diagram in [Cat, sSets] 

(sq,1) ( f \ 

(C, F) — (C X [l],p*F) ^ (D, G) 

(sid) 

where [1] is the poset 0 < 1 and Si : C —>■ C x [1] : G i-A (G, i) is the obvious 
inclusion, i = 0, 1 . The functor p : C x [1] — >■ C is left cofinal since for every C € C 
the composition 

(c i G) 4 (p ; G) 4 (c ; g) 

is the identity whearas the the composition 

(p;g) 4 (CiG) 4 (piG) 

admits a natural transformation to the identity. Since (C j, G) has a final object, 
this category and hence (p | G) are contractible. By Cofinality, the map 

(p, 1)* : holimc F -)• holimcx[i] P*F 
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is a weak equivalence. Since (si, l)*(p, 1)* = 1, the two maps (si, 1)* are homotopic, 
i = 0,1. In particular, {fo,ipo)* = (so, !)*(/, is homotopic to = 

(si, !)*(/, <^)*. □ 

Most functors we want to take a homotopy limit of factor through the category 
Open'^^ of open subsets of a space X. Since the category Open^ is a poset, this 
simplifies the treatment, and we introduce the following category Catx. Its objects 
are pairs {C,U) where C is a small category and U : C ^ Open^ is a functor. 
A map / : {C,U) —>■ {'D,V) in Catx can be thought of as a “refinement”. It is 
a functor f : C ^ V such that U{C) C V{f{C)) for all C G C. Composition in 
Catx is composition of functors. A natural transformation S : f ^ g oi maps 
f,g : (C, U) —>■ (T>, V) in Catx is by definition a natural transformation 6 : f ^ g 
of functors f^g-.C^V. 

If F : Open^ —>■ sSets is a simplicial presheaf on X, then holimoF defines a 
functor Cat^ —>■ sSets by (holimoF)(C, [/) = holimc 1^17. A map / : {C,U) —>■ 
{'D,V) in Catx induces a map (/, can) : {C,FU) [V^FV) in [Cat, sSets] where 
can : f*FV —>■ FU is the restriction map. Thus, F defines a functor 

F : Catx [Cat, sSets] : (C, U) ^ {C,FU) 

which sends natural transformations to natural transformations, and holimoA is 
the composition 

(A.7) holimoF : Cat^ [Cat,sSets]°^ sSets. 

Call two maps f,g : {C,U) —5> (T>,V) in Catx homotopic if there is a zigzag / = 
/o —S’ /i /2 —>■ • • • t— /ra = 5 of natural transformations of maps (C, U) —>■ (C, V) 
in Catx- By the Extended functoriality for homotopy limits, the functor (IA.7I) 
sends homotopic maps to homotopic maps. 

The category Catx has a final object, namely (*,A) where * denotes the one- 
object-one-morphism category, that is, the final object in Cat. In particular, for 
any (C, U) in Catx, there is a natural map of simplicial sets 

F{X) holimcF(C/). 

If / is a set, we denote by 'Po(7) the category of non-empty subsets S C I where 
we have a unique arrow S' S'' if S' C S', otherwise there is no arrow. An open 

cover U = {Ui —>■ U}i^i of some open U C X defines a functor U : Toil) 
Open)]^ : S i-A C/s where Us = flses ^s- 

Definition A. 3. Let A be a noetherian scheme, and U = {Ui —>• U\i G /} an open 
cover of some open subset U C X. We say that a simplicial presheaf F : Open^ —>• 
sSets has descent for lA if the following canonical map is a weak equivalence 

F{U) ^ holiuiQ^sci F{Us). 

The following is a version of [VoelOl Lemma 5.6]. 

Lemma A.4 (Refinement Lemma). Let U = {Ui X}i^i and V = {Vj —>■ 
be open covers of X, and assume that V is a refinement ofU, that is, there is a 
map f : J ^ I such that Vj G Uft^j) for all j G J. Let F be a simplicial presheaf 
on A. If F has descent for V and for V DUs = {Vj fl C/g —)• Us}jeJ for all S C I, 
then F has descent for U. 
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Proof. Consider the diagram in Catx 

- {Vo{I),U) 

PI 

iMJ), V) {Toil) X PoiJ),u n y). 

The square and the upper left triangle commute in Catx- We check that the lower 
right triangle commutes up to homotopy. To this end, consider the map in Catx 

g : {Toil) xPo{J),UnV)^ {W),U) :{S,T)^SU fiT) 

which is well-defined as C/s fl Vr C Usuf(T) in view of the equality Usuf{T) = 
UsCUf(T) and the inclusion Vt C Uf(^T)- Now, the (unique) natural transformations 
Pi ^ g and / opj —> g show that the lower right triangle commutes up to homotopy 
in Catjf. Applying the functor holim oF yields a diagram of simplicial sets 

(A.8) F{X) -- holima^sc/ F{Us) 



holim0,^7',^ j F{Vt) -^ F{Us C Vt) 

0?^sc/ 

in which the outer square and the upper triangle commute and the lower triangle 
commutes up to homotopy. The left vertical map is a weak equivalence, by assump¬ 
tion. By the Fubini Theorem for homotopy limits (IA.6I1 . the right vertical map can 
be identified with the map 

holim 0 ^Sc/ F{Us) holim 0 ^sc/ holim 0 ^Tc J F{Us n Vt) 

induced by the maps 

F{Us) holim 0 ^TcJ F{Us C Vt) 

which are weak equivalence, by assumption. Hence both vertical maps in diagram 
(IA.8|) are weak equivalences. It follows that the diagonal map is a weak equivalence, 
and hence, so are the horizontal maps. □ 

Corollary A. 5. Let F be a simplicial presheaf on X and {Ui —> C/}ig/ an open 
cover of some open U C X. If for some i € I, the map Ui ^ U is the identity, 
then F has descent for the cover {Ui U}i^i. 

Proof. By hypothesis, the cover {\ ■. U ^ U} refines [Ui —>■ U}. Since F has 
descent for any cover of the form {1 : F —>■ F}, the Refinement Lemma IA.4I implies 
the result. □ 

Corollary A.6. Let F be a simplicial presheaf on X . Let U and V be open covers 
of some open U C X. IfV is obtained from U by repeating some open sets, then F 
has descent for U if and only if it has descent for V. 

Proof. By assumption, 14 refines V and V refines L4. The result follows from the 
Refinement Lemma [A.41 whose hypothesis we check using Corollary lA.51 □ 





















EULER CLASS GROUPS 


59 


Lemma A.7 (Covering Lemma). Lef F be a simplicial presheaf on X and V C X 
some open subset. Let {Vi —>■ V}i^i and {Uij Vi}j^j be open covers for i G I. 
For a non-empty S C I and function a : S ^ J write Ua = Hies Assume 

that F has descent for {Vi —)• C}ie/ and for {Ua —> Vs}a-.s^J, ^ ^ S C I. Then F 
has descent for {Uij —)• 

Proof. For two sets S, J write for the set of functions S ^ J. As before, 
for a non-empty T C , write Ut for By assumption, we have weak 

equivalences of simplicial sets 

F{V) holim5gpj,(/) F{ys) holim5gp(j(/) holimrgpp(js) F{Ut). 

By the Fubini Theorem for homotopy limits (IA.5p . the right hand term is holimc f*FU 
for the functor (map of posets) 

f:C= Vo{I)§ro{J-) ={{S,T)\SgVo{I), T€Vo{J^)}^WxJ) 
defined by 

f{S,T) = {{tj) €lxJ\tGS, JG W*)|a e T}} 
where FU = F oU is the usual functor with 

U : Toil X J)^ Open°P : Ur = f| U,,,. 

(Li)eR 

By Cofinality, we are done once we show that the functor / is left cofinal. Thus, 
for R G Vo{J^), we have to check that (/ {. R) is contractible. But the category 
(/ I R), considered as a full subcategory of C, has a final object, namely {Sr,Tr) 
where 

Sr = {i G I\3j G J\ (ij) G R}, 

Ri = {j^J\{hj)&R}, 

Tr = {a : Sr^ J\ a{i) G Ri). 

Therefore, (/ f R) is contractible, and we are done. □ 

Corollary A. 8 . Let Y G X be an open subset of a space X . Lf a simplicial presheaf 
F on X has descent for the open covers {Vj —)• V}j^j, {V —^Y, W ^ Y} and 
{Vj n VF —>■ 1^ n W{j^j, then F has descent for {Vj —)• Y, IF —)• Y}j^j. 

Proof. In view of the hypothesis and Corollary IA.6I we can apply the Covering 
Lemma IATtI to / = {0,1}, Vq = V,Vi = W, Uqj = Vj, Uij = W. Therefore, F has 
descent for {Uij —>■ which, after omitting repetitions, is {Vj -gY,W ^ 

Y}j^j. By Corollary I A. 61 we are done. □ 

Let A be a noetherian scheme and [/ C A an open subscheme. We will call a 
finite cover {Ui —>■ of U elementary if there exists a total order on I such that 

for all i G I, there are f,g G T{U<i,Ox) such that (/, g) generates the unit ideal 
in r(17<i, Ox) and such that Ut = {U<i)f and U<i = {U<i)g where U<i = Uj 
and U^i = yjj^iUj. Note that elementary covers are closed under taking base 
change. Note also that if U is affine then Ui, U^i and U<i are also affine. 

Lemma A.9. Let R be a noetherian ring. Then any open cover of Spec R can be 
refined by a finite elementary open cover. 
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Proof. Since R is noetherian, any cover of X = Spec R can be refined by a finite 
cover. So, it suffices to prove the claim for finite covers {Ui —>■ We will 

prove by induction on n S N>i that any cover consisting of n open subsets can 
be refined by an elementary open cover. If n = 1 then Ui = X and the cover is 
already elementary as we can choose / = 1 and g = 0. Assume now that n > 2. 
Let I and J be the vanishing ideals of A — [/„ and X — t/<„. Since Un and !/<„ 
cover X, we have I + J = R, and we can choose f G I, g € J with f + g = 1. 
Then Xf C Un and Xg C C/<n, and Xf and Xg cover X. By induction hypothesis, 
the cover {{Ui)g —>■ (C/<n)g = can be refined by an elementary cover 

{Vi Xg}i^i. Then {Vi —>■ X, Xf —^ X}i^j is an elementary cover of X which 
refines {Ui -G □ 

Lemma A. 10. Let X be a noetherian scheme and F a simplicial presheaf on 
X which has the affine B.G.-property. Then for every open affine U C X, the 
simplicial presheaf F has descent for all elementary open covers of U. 

Proof. We will prove the claim by induction on the cardinality of an elementary 
open cover of an affine open subset of X. If n < 2, the claim follows from the 
definition of the affine B.G.-property. Now assume n > 3. Let {Ui 
be an elementary cover of an open affine U C X. By induction hypothesis and the 
definition of elementary cover, the simplicial presheaf F has descent for the covers 
{Ui y U<^n{i—l,...,n—l-) {Ui H Un t U<^n fi Un{i—l^...^n—l and {Un ^ U^ U<in t U{. 
By Corollarv lA.Si the simplicial presheaf F has descent for {Ui U{i=i^,,,^n- D 

Lemma A.11. Let X be a noetherian scheme and F a simplicial presheaf on 
X which has the affine B.G.-property. Then for every open affine U C X, the 
simplicial presheaf F has descent for all open affine covers ofU. 

Proof. Note that an elementary open cover of an affine scheme is an affine cover. 
Now the claim follows from Lemma lA.lOl and the Refinement Lemma IA.4I which 
we can apply since elementary covers are closed under base change, and every 
intersection of affine open subsets in U is affine. □ 

Denote by Sch a small full subcategory of the category of schemes closed under 
taking open subschemes and fibre products. For instance, Sch could be the category 
of open subsets of a given scheme, the category of finite type S'-scheme, or smooth 
S'-scheme for a noetherian scheme S. Let Aff C Sch be the full subcategory of affine 
schemes. For a simplicial presheaf F on Sch, its homotopy right Kan extension from 
Aff to Sch is the simplicial presheaf F on Sch defined by 

(A.9) Fix) = holimt,e(Aff^x) FiU). 

The canonical map ((Aff {, X),F) — >• {*,F{X)) in [Cat,sSets] induces a map of 
simplicial presheaves 

F ^ F. 

When U G Sch is affine then this map induces a weak equivalence of simplicial sets 
F{U) ^ F{U) since then (Aff f U) has a final object. 

Lemma A.12. Let X G Sch be a scheme, let Li be line bundles on X, and let 
fi G r(A, Li) be global sections of Li, i = l,...,n. Assume that X = 

If F is a simplicial presheaf on Sch which has the affine B.G.-property, then its 
homotopy right Kan extension F has descent for the open cover {Xf. —>■ A}ig/. 
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Proof. Let y Y X be an affine map of schemes. Consider the functor 

/ : (Aff ; X) ^ (Aff ; y) : (y ^ X) HA y*V = (V XxY^ Y). 

The induced functor on opposite categories is left cofinal because for every 
w : W ^ Y in (Aff f Y), the category {w ], f°P)°P = [w f f) has an initial 
object given hy yw ■. W ^ X and (l,?/w) : W W Xx Y. For % ^ S d I and 
Y = Us = S Xf. X the open inclusion, Cofinality for homotopy limits then 
yields a weak equivalence of simplicial sets 

holimv^g(Aff4,(7s) F{W) —^ holimyg(Afi 4 ,A) F{V Xx Us)- 

Taking homotopy limit over Vq[I)^ we obtain from the Homotopy Lemma the weak 
equivalence of simplicial sets 

holimsg-pQ(/) holimi^g(Affi;7s) F{W) —s- holimsgpj,(/) holimv'g(Aff 4 .A) F{V Xx Us)- 
The left hand side is 

hoiimseVoU) F{Us) 

and the right hand side is 

holimvg(Aff 4 .A) holimsg-pQ(/) F{V Xx Us) = holimv'g(Aff 4 .A) F{V) = F{X) 

since F has descent for open covers of F, by Lernma fA.m Thus, we have a sequence 
of maps in which the second map is a weak equivalence of simplicial sets 

F{X) holimseVoU) F{Us) ^ F{X). 

We are done once we show that the composition is homotopic to the identity. The 
existence of the homotopy follows from the Extended Functoriality for homotopy 
limits since the following diagram in [Cat,sSets] commutes up to natural transfor¬ 
mation 

{Toil) X (Afr|y),rF)^(lPo(/)/(Aff;C/v),F) 



((Aff;x),F) 

where the horizontal functor is {S,V X) iS,V Xx Us —t Us), the diagonal 
functor is {S,V —>• X) i-> {V —>■ X) and the vertical functor is {S,W Us) >->• 
(W ^ X) using the inclusion Us C X. The functor F sends {S,W —>■ Us) and 
(W —>■ X) to F{W)- The natural transformation at {S,V X) is the projection 
map V Xx Us ^ V- □ 

Recall that a quasi-compact scheme X admits an ample family of line bundles if 
the open subsets Xf form a basis for the Zariski topology on X where / G r(X, L) 
and L runs through all line bundles on X. For instance, any quasi-affine scheme 
has an ample family of line bundles. 

Theorem A.13. Let Sch be a small category of noetherian schemes closed under 
open immersions and fibre products- Let F be a simplicial presheaf on Sch which 
has the affine B.G--property- Let F he the homotopy right Kan extension of F from 
the full subcategory Aff of affine schemes to Sch; see iA.hH) . Let X G Sch be a 
noetherian scheme with an ample family of line bundles- Then F has descent for 
all open covers of X. 
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Proof. Since X has an ample family of line bundles, every open cover U oi X can 
be refined by a cover as in IA.121 Since those covers are closed under base change, 
Lemma [A. 121 together with the Refinement Lemma FA.dl implies that F has descent 
for U. □ 

Proof of Theorem lA.^ For an open inclusion j : Y G X, the natural map of sim- 
plicial presheaves {j*F)zar j*{Fzar) is a map of fibrant objects and a weak 
equivalence for the Zariski topology, hence it is an object-wise weak equivalence. 
Therefore, we can replace F with j*F and assume that A = y is affine. Then 
X and all its open subsets have an ample family of line bundles. Let U,V C X 
be open subsets. By Theorem lA.131 with Sch = Open^^ and [/ U F in place of X, 
the simplicial presheaf F has descent for the cover {U —^C/UF, F —)-C/UF}of 
U Li V. That is, F sends the square (EH) to a homotopy cartesian square of simpli¬ 
cial sets. By [BG731 Theorem 4], the map F —>■ Fzar from F to its Zariski fibrant 
replacement is an object-wise weak equivalence. Since F ^ F is a^n equivalence on 
affine schemes, the composition F Fzar is an equivalence on affine schemes and 
a Zariski weak equivalences to a fibrant simplicial presheaf. □ 
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